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ABSTRACT

Sundaram, Vaidyanadan., M.S.M.E., Purdue University, December, 2014. Measurement
of the Responses of Polyurethane and CONFORTM Foams and the Development of a
System Identification Technique to Estimate Polyurethane Foam Parameters from
Experimental Impulse Responses. Major Professors: Dr. Patricia Davies and Dr. Anil
Bajaj, School of Mechanical Engineering.

Flexible polyurethane foam is the main cushioning element used in car seats. Optimization
of an occupied seat’s static and dynamic behavior requires models of foam that are accurate
over a wide range of excitation and pre-compression conditions. Experiments were
conducted to measure the response of foam over a wide range of excitation which include
slowly varying uniaxial compression tests on a 3 inch cube foam sample, base excitation
and impulse excitation test on a foam-mass system. The foam used was the same in all of
the experiments, thus obtaining all the responses on the same foam sample which helps
eliminate the sample to sample variation. Similar efforts were taken to conduct impulse
and base excitation tests on CONFORTM foam to help in future modeling efforts of
CONFORTM foam. All the experimental protocols and data pre-processing protocols along
with results are presented.
Previous researcher developed a linear model for a single-degree of freedom foam-mass
system subjected to an impulsive excitation. Free response data from impulse tests on a
foam-mass system with different masses was used to identify model parameters at various
pre-compression levels (settling points). The free response of the system was modeled as
a Prony series (sum of exponentials) whose parameters can be related to the parameters in
the foam-mass system model. Models identified from tests at one settling point performed
poorly when used to predict the response at other settling points. In this research, a method
is described to estimate the parameters of a global model of the foam behavior from data

xvii
gathered in a series of impulse tests at different settling points. The global model structure
includes a nonlinear elastic term and a hereditary viscoelastic term. The model can be used
to predict the settling point for each mass used and, by expanding the model about that
settling point, local linear models of the response to impulsive excitation can be derived.
From this analysis the relationship between the local linear model parameters and the
global model parameters was defined. A series of experiments were conducted using
different sized masses on the foam block. For each mass, the settling point was measured
and the free response after an impulsive excitation was modeled as a Prony series whose
parameters can be related to the parameters in the local linear dynamic model. By using
the relationship between the local and global model parameters and estimates of the local
models’ parameters, the parameters of the global model were estimated. The estimation
method was first applied to simulation data and then used to identify models of the uniaxial
dynamic behavior of polyurethane foam blocks.

1

CHAPTER 1. INTRODUCTION

1.1 Motivation

Polyurethane foam is a nonlinear and viscoelastic material used in many engineering
systems. Flexible polyurethane foam is most extensively used as a cushioning element in
automotive seating systems, hospital beds and wheel chairs etc. Foams with varied
chemical formations, like CONFORTM foams, which have very high impact resistance are
used as shock absorbing materials in electronic equipment such as cell phones.
The main motivation of the research reported in this thesis is the extensive use of foams in
automotive seating systems. In an extremely competitive market scenario such as
automotive industry, customer satisfaction is strong focus for each of the manufacturers.
Every aspect of an automobile from engine performance to the look and feel of the vehicle
is being constantly worked upon. Car seats strongly influence a customer’s ride experience
and so tools that enable engineers to design better seats are very important to car
manufacturers.
Seating comfort can be divided into static comfort and dynamic or ride comfort. A
significant amount of research in this area has been done by Ebe and Griffin [1,2,3]. Static
comfort is mainly related to the correct amount of support given to various critical regions
like lumbar, thigh, buttocks, etc. Static comfort is dependent on the posture and the build
of the person. Mechanisms in automotive seats like slider, recliner and lumbar support
adjuster are given to facilitate the driver and passenger find their desired level of support,
thereby improving their static comfort. These adjustments provide seat manufacturers with
the ability to cater to a range of customer builds (eg., American Mannequin (AM) 10th, 50th
and 95th Percentile). The pressure distribution at the seat occupant interfaces is another
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important factor and is taken into account while deciding on the hardness and density of
the seating foam. Design philosophies differ while sometimes harder seats are preferred
and other times softer ones are preferred. The material combination chosen affects the static
comfort.
Dynamic seat comfort is also important and it can even have an impact on the safety of the
rider. Drivers in vehicles are subjected to vibrations over a range of frequencies due to the
variety of road conditions. Low frequency vibrations on the lumbar and spine region of the
driver are the cause of discomfort and in the long run may lead to complications [4].
Suspension systems of automobiles are optimized to reduce the vibration at the seat rail
and car floor and further improvements to ride comfort can be achieved through good
design of the seating system. A sound understanding of how the seat design affects the seat
occupant dynamics is one part of designing a seating system that provides good dynamic
comfort. The second part is about understanding the relationship between the vibration
sensed by the seat occupants and how comfortable they feel. The focus of the research
described in this thesis is related to the former.
Traditionally automobile seats evolved based on the market feedback and benchmarking
with competitor’s designs. After thorough market research, improvements were
implemented and the new design was typically an evolution of an older design. Without
predictive tools to guide the design, many prototypes are made before finalizing the design
even when experienced seating designers are involved. Such an approach is expensive and
makes innovations in design difficult. Often, in spite of all these prototyping efforts, not
all of the customer requirements can be realized in the new design. A mathematical model
of a seat occupant system that can be used to simulate the vibration sensed by the occupant
could reduce the need for extensive prototyping by exploring the effects of changes to the
seat design virtually. It should be emphasized, as noted above, that there is also a need to
develop models that relate vibration exposure to dynamic comfort because reduction of the
vibration over all frequencies may be difficult to achieve and may not be necessary to
achieve significant improvements in dynamic comfort.

3

The occupant has a large impact on the vibration sensed at the seat-occupant interface, thus
it is important in seat design to model the vibration of the seat and the occupant together.
In order to mathematically model an automotive seating system, polyurethane foam, which
forms the cushioning element of most seats today, has to be modeled and incorporated in
the global seat model. The H-point or the Hip-point is an important reference point in an
automotive seat design. The entire space allotment, location of accelerator and brake pedal
and other instrument panel controls are based on the H-point. A schematic of seat occupant
system with H-point and H-Point field is shown in Figure 1.1 and the machine used to
make a standardized prediction of the H-Point is shown in Figure 1.2.
The schematic of a seat-occupant system with the polyurethane foam in the seat cushions
modeled as a series of springs and dampers is shown in Figure 1.3. With an accurate model
of seating foam material and a model of H-point measurement machine, the H-point can
be accurately determined without building many prototype seats and checking each
configuration with the H-point machine. Of course, experimental validation of the
predictions will be necessary, but most of physical prototyping will be replaced by virtual
prototypes. This approach gives us much more flexibility to explore changes to the seat
design.

4

Figure 1.1. 3D Model of automotive seat showing H-point field.
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(a)

(b)

Figure 1.2. The machine used to measure the H-point location for a seat, (a) buttock, lumbar
and chest (b) legs and load for chest.
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Figure 1.3. Schematic of car seat modeled as springs and dampers. (Head has not been used
as it was not modeled due to difficulty in modeling the neck joint).

A number of researchers [5,6,7,8] have developed constitutive (force-displacement)
models for the types of polyurethane foam used in many car seats. Others [9,10], have
integrated the mathematical foam models into models of seat-occupant systems and used
these integrated models to predict the occupant’s vibratory responses. A number of other
researchers Griffin [1,2] and Nishiyama [11,12,13] have studied whole body vibration of
seat occupants and have developed two-dimensional models with the seat cushion and seat
back modeled as lumped elements.
In addition to their used in automotive seating applications, foams are used in a variety of
other applications such as cushioning elements in hospital beds and wheel chairs. The
approach to modeling foam described here can be applied to other types of foams and
viscoelastic materials and the models developed can be used to help optimize, e.g., the
design of the beds to minimize the high pressure regions which can lead to the formation
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of bed sores experienced by long-term patients who spend extended periods of time in
hospital beds.
CONFORTM is a new foam series developed by E-A-R (Aearo Technologies LLC, a 3M
Company). It has very high energy absorption characteristics which enables them to absorb
up to 97 percent of the energy in an impact. These urethane foams with trademark chemical
compositions are used for isolation of electronic components in cell phones and other
portable communication devices. They are also used in helmets mainly for their energy
absorption property. Thus, mathematical modeling of CONFORTM, which can be done by
following similar methodologies to those used to develop models of seating foam, could
be useful in design of these materials as shock absorbers.
1.2 Research Objective

Extensive research has been done in [6,10,14] on seating foam material modeling and on
multi-body seat occupant models to predict occupant static settling points and occupant
dynamics around those settling points. The research described in this thesis is a
continuation of those aspects of these works that focused on material modeling of
polyurethane foams. Experimental confirmation of a model’s effectiveness in predicting
material response behavior is very important. Experiments and the resulting data from them
are also needed to develop and refine the models. The main objective of the present
research was to conduct various experiments on polyurethane foam: compression tests,
impulsive excitation tests and base harmonic excitation tests, to gather data that can be
used to develop comprehensive models of different types of polyurethane foam and also to
validate the predictions from those models. The ultimate goal of these efforts is to embed
these comprehensive models of foam into seat-occupant models and use those models to
predict occupant dynamics and force distributions at seat-occupant interfaces. Ride
comfort has been shown to be affected by various physical measures [ISO 2631] that can
be predicted by these seat-occupant models, and thus these models can be used to optimize
seat designs for seat comfort. This virtual optimization eliminates the need for extensive
prototyping and the simulations can be used to gain an understanding of effective strategies
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to improve seat comfort. While prototyping will still be necessary, it will be more of a
validation of the virtual design and if the models are sufficiently accurate only small
modifications would be required in the prototyping stage. This will save cost.
The main objectives of this thesis are:
1. To create and verify a clear protocol for compression testing of polyurethane foams
to ensure that the test results are repeatable;
2. To conduct impulse tests on a foam-mass system constrained to move vertically
and develop a clear protocol of repeatability;
3. To develop a repeatable process for conducting a frequency response measurement
on harmonically base-excited polyurethane foam-mass systems constrained to
move vertically;
4. To develop data pre-processing procedures to make minor adjustments to data sets
to make them consistent across tests and reduce noise and other artifacts. This is
helpful in obtaining better estimates of the models’ parameters;
5. To use data form impulse tests to estimate parameters of a global nonlinear model
as an extension from linear model parameters estimated by previous researchers;
6. To supplement the data gathered by previous researcher from compression tests on
CONFORTM foams, conduct impulse tests and harmonic base-excitation tests on
CONFORTM foams to create a database of excitation and response measurements
for future researchers.
1.3 Thesis Organization

This thesis has been organized based on the type of experiments being conducted on the
foam. The equipment, protocol and other experimental details for conducting uniaxial
compression tests on the type of polyurethane foam commonly used in car seats are
described in Chapter 3. This chapter also includes details of the mathematical model used
to predict the experimental compression test responses and the model parameter estimation
procedure. In Chapter 4, the impulse test setup and test procedure is described as well as
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the system identification procedure (model structure determination and parameter
estimation) using the impulse response data. In Chapter 5, the emphasis is on the harmonic
base excitation tests and how well the models obtained from the compression (Chapter 3)
and impulse (Chapter 4) tests predict the response to harmonic excitation.
The impulse and harmonic testing was also performed on four CONFORTM foams; this
work is described in Chapter 6. The main emphasis in this part of the research was to collect
experimental data that could be used in future works for validating models. Also, care has
been taken to document the testing protocols developed to be able to get repeatable and
accurate results. Similarly, another goal in writing this thesis has been to provide clear
documentation on the pre-processing that has been done on the data sets before they are
used in the system identification programs. The final chapter provides some suggestions
for future directions.
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CHAPTER 2. LITERATURE REVIEW

2.1 Characteristics of Foam

Foams are a class of cellular solids which can be divided into open cell and closed cell
foams. The cellular solid is made of a number of solid struts which form the edges and face
of the cells. The cells are polyhedral which fill the three dimensional space to form
materials that are commonly known as foams. Cellular Solids: Structures and Properties,
by Gibson and Ashby [15], is a basic reference for cellular solids. Foams are prepared from
any polymer, where the chemical reaction involves the generation of gas within the
polymer matrix. Suitable polymers are selected based on the application of the foams.
Polyurethane foams which are foams commonly used in car seats are produced by a
mixture of polyol and isocyante. The chemical composition of foams are the main
intellectual property of the companies producing foams as the chemical composition
decides on the properties of the foam such as density and harness. Thus, depending on
chemical composition, foam properties vary thereby making them suitable for a variety of
applications.
Foams are important material that are used in a variety of engineering applications like car
seats, hospital beds, helmets etc. based on their physical properties. The two important
properties of foam that impact on foams strength, stiffness and eventually on its application
are hardness and density, [15,16, 17]. The mechanical and thermal properties of foam
materials depend on the cell size [18,19].
This chapter gives an overview of extensive work done by the foam modeling research
group at Ray W. Herrick Labs of Purdue University. Commonly used experimental
procedures and standard testing procedures of polyurethane foams are emphasized along
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with the experiments used by researchers from Ray W. Herrick Labs. This chapter helps
put the work done in this thesis in context of work done by previous researchers. The
chapter details testing and experimental procedures of polyurethane foam, previously
developed continuum based models of polyurethane foam and the work that has been done
on CONFORTM foams.
2.1.1 Test Standards
Standardized test procedures are used across industry to characterize cellular materials,
where the measurements from these standard tests can be used to compare one sample with
another. This section reviews two standardized tests recommended by American Society
of Testing and Materials (ASTM) for flexible cellular materials.
ASTM standard D1056-07 [20], Standard Specification for Flexible Cellular Materials –
Sponge or Expanded Rubber, first classifies the types of cellular materials. The
polyurethane foam type of material studied in this thesis would fall under the category
Type 1 (Open Cell).
The standard details many test procedures which include compression test. In the
compression test, the foam is compressed to 25 percent of its original height at a
compression rate varying from 12.5 to 50mm/min. The compressive force and displacement
are also measured during the test. The compressed test material is then allowed to relax
after being compressed to 25 percent. The procedure is repeated until the measured force
changes by less than 5 percent as shown in Figure 2.1 (a). In another test for compression
under constant deflection, the sample is compressed to 50 percent of its height and is held
for 22 hours. The sample is then allowed to relax and the thickness is measured after 30
minutes, the test is represented by the plot in Figure 2.1 (b).
ASTM standard D3574-11, “Standard test methods for Flexible Cellular Materials – Slab,
Bonded and Modeled Urethane Foams” [21], also details and extensive list of standard test
procedures that can be applied to flexible cellular materials. Indentation Force Deflection
(IFD) is one of the tests where a sample of dimension 380mm X 380mm X 100 mm is
prepared. The sample is then placed on a perforated plate, so that air can escape the sample
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when compressed. The sample is first flexed by compressing it to 75 to 80 percent of its
initial height and then releasing it, twice. The sample is then compressed by 25 percent of
its initial height from the top by a circular indenter that is 203mm in diameter and the
reaction force is measured after 60 ± 3 s. The same procedure is repeated by indenting the
foam to 65 percent and the reaction force is measured after 60 ± 3 s. The procedure is
diagrammatically shown in Figure 2.1 (c). These two measurements are referred to as 25%
IFD and 65% IFD respectively.
These values are always reported along with support factor, where support factor is defined
by:
𝑆𝑢𝑝𝑝𝑜𝑟𝑡 𝐹𝑎𝑐𝑡𝑜𝑟 =

65% 𝐼𝐹𝐷
25% 𝐼𝐹𝐷

(2.1)

An alternative test procedure is provided by the standard ASTM D5672-03, “Standard Test
Method for Testing Flexible Cellular Materials Measurement of indentation Force
Deflection Using a 25-mm (1-in) Deflection Technique [22], for scenarios where the
standard test specimen size required by standard D3574-11 cannot be used. The apparatus
used for the test procedure explained in D5672-03 is the same as the one used in the
procedure from D3574-11. The only difference in this test is that, the force is specified and
the deflection is measured. The test sample is flexed by a load of 330 N at a displacement
rate of 200 ± 20 mm/min, twice and then allowed to relax. The sample is then rested for 6
± 1 minute after which a load of 4.5 N is applied. After 60 ± 3 seconds of the application
of load, the thickness is measured which is taken to be the initial thickness. The sample is
then loaded with 110 N at 50 ± 5mm/min. After holding the 110 N of load for 60 ± 3
seconds, the thickness of the sample is measured again. Finally, a load of 220 N is applied
at 50 ± 5mm/min, and the thickness of the sample is measured after 60 ± 3 second. Figure
2.1 (d) shows the details of the test. Most of the auto manufacturers also use the “ball
rebound” test to determine the seating foam properties such as stiffness, fatigue etc.
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As the name of the test suggests, it involves dropping of a metallic ball of a specific
dimension from a fixed height on the foam sample and measuring the rebound height. This
helps characterize differences in resilience between different foam samples.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.1. Stress vs Compression curves from standard tests on polyurethane foam: (a)
ASTM D1056-07 Compression vs Deflection, (b) ASTM D 1056-07 Pre-set Compression
under Constant Deflection, (c) ASTM D 3574-11 Indentation Force Deflection curve, (d)
ASTM D 3574-11 Indentation Residual Gauge Load (IRGL), (e) ASTM D 3574-11
Compression Force Deflection, (f) ASTM D 3574-11 Constant Deflection Compression
Set.
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2.1.2 Experimental Procedures
Various experiments were conducted by researchers in Herrick Labs of Purdue University.
The experiments were designed to help modeling efforts of flexible polyurethane foams.
Foam behaviors were studied for following conditions: response of foam to slowly varying
or quasi-static excitation, response of foam to harmonic excitation and response of foam to
impulse excitation. Different tests were designed and conducted to get the response of the
foam under different conditions, as the response of foam is different for each of these tests.
Two types of test setup were used to conduct these experiments. The dynamic tests were
conducted on a fixture which helps load the foam thus making it a foam loaded oscillator.
Quasi static tests were conducted by loading the foam using an external actuator and thus
there was no mass element. Schematics of both the experimental setups are shown in Figure
2.2. In the research reported in this thesis, all the experiments were conducted.
The mass loaded oscillator setup is a part of Japanese Standard – JASO B 407-82 [23],
which is used for testing the foam of car seats. The Standard prescribes the use of a constant
input displacement, implying that the amplitude of acceleration will increase as the square
of frequency. In the present research, input signal of constant acceleration amplitude was
used.
Test protocols for each of the experiments were developed by previous researchers from
Herrick Labs. Experimental results obtained by following the test protocols and small
modifications to the pFrotocols and data processing are discussed in this thesis.
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Figure 2.2. Test configurations used for polyurethane foam testing: (a) Mass-loaded
configuration with base excitation or impulse to the mass. (b) Compressive force applied
directly on the foam.

2.2 Mechanical Properties of Foam Behavior

Polyurethane foams are a type of polymeric foams which are classified based on their
cellular structure. The polyurethane foam studied in this research is flexible polyurethane
foam which is low density elastomers, predominantly used in automotive seating systems.
This section briefly explains the mechanical aspects of polyurethane foam. The details of
literature review presented in this section can be found in [16, 24, 25, 26, 27]. Experimental
stress-strain curve of flexible polyurethane foam under uniaxial quasi-static loading is
shown in Figure 2.3. The three regions of the stress-strain curve of foam material are, linear
elastic region, followed by collapse region and finally densification region in which there
is a steep rise in stress.
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2.2.1 Deformation Mechanism
Linear elastic region is due to the cell walls bending for an open cell structure and due to
cell faces stretching for a closed cell structure. In this region, the slope of the stress-strain
curve is the Young’s Modulus, E. When the load increases, the cell walls are subjected to
elastic buckling, resulting in the collapse region. The curve is almost flat and is also called
as collapse plateau. Once the cells have completely collapsed, the opposite cell walls touch
each other. Further increase of compressive load results in rapid increase of stress thus
constituting the densification region of the stress-strain curve. Increasing the relative
density of the foam increases the Young’s Modulus, which raises the plateau stress and
reduces the strain at which densification starts. Some experiments [15, 28] have shown that
the stiffness of foam decreases by a small amount, at first, in the plateau region and
eventually increases in the densification region. This decrease of stiffness is caused due to
cracking and thus the reduced stiffness of the cell walls.
2.2.2 Viscoelasticity
An important aspect of foam behavior is viscoelasticity. Viscoelastic materials typically
exhibit properties of elastic body, by showing a certain level of rigidity and at the same
time behave like viscous fluid that flows and dissipate energy by frictional losses. The
classical theories of linear elasticity and Newtonian fluids, do not adequately describe the
response behavior. The intermediate of the two theories, called viscoelasticity exists in
many real materials but is more pronounced in foams. The behavior of viscoelastic
materials is characterized by time anomalies [25], where the stress depends on both strain
and strain rate, as well as on the higher time derivatives of strain.
When a viscoelastic material is subject to a constant load, it does not hold its deformation,
rather it continues to flow with time, that is, it creeps. The loaded sample, if left for an
indefinite time would creep to an equilibrium position. This static equilibrium position is
dictated by the cellular structure of the material. Also, the material does not recover
instantaneously upon removal of the load. The material exhibits instantaneous residual
strain which depends on the duration of the applied load and the level of loading.
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Figure 2.3. Compressive stress-strain curve of polyurethane foam, obtained from a quasistatic testing.

The residual strain gradually reduces and after a sufficient period of time may even
completely disappear. This phenomenon of strain reduction is called as ‘creep recovery’.
Similar to creep when the material is loaded, when the material is constrained at a constant
deformation, the stress required to hold it gradually reduces and this phenomenon is called
as ‘stress relaxation’. When viscoelastic materials are subjected to cyclic loading and
unloading, some of the input energy is stored and some of it is dissipated as heat. This
nature of viscoelastic response indicates the existence of a property of ‘passive resistance’.
This property is in contrast to the instantaneous response and reversibility exhibited by
pure elastic materials. This property of ‘passive resistance’ is responsible for the
‘hereditary response’ property of viscous and viscoelastic materials, wherein the current
state of response not only depends on the current loading but also on previous states
[25,29]. Thus, the material is said to possess ‘memory property’, which is essentially a
phenomenon of viscoelastic materials.
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2.2.3 Foam Response
Response of polyurethane foam varies based on the type of loading. Also, foam properties
depend on the amount of compression on the material [30]. In order to characterize foam
behavior, a wide range of experiments were conducted ranging from quasi-static
compression test to tests capturing the dynamic responses like impulse test and harmonic
base excitation tests. Both quasi-static and dynamic behavior are affected by ambient
temperature and humidity. Moreland et al. [31, 32] investigated the effects of these
variables on static relaxation and creep. The creep rate was also found to be a function of
temperature, humidity and the compression level of the material, as observed by Leenslag
et al. [33].
2.2.2.1 Quasi-Static Response
Quasi-static response of foam was experimentally acquired by subjecting the foam sample
to uniaxial compression test, details of which are explained in Chapter 3. The experimental
stress strain curve of the foam exhibits hysteretic behavior predominantly due to the
viscoelastic property of the foam material. In a simple uniaxial quasi-static compression
test conducted on the foam, the unloading part of the curve corresponds to larger stress
than the loading part of the curve [34]. It can also be observed that the force-displacement
curve is nonlinear, showing three regions of deformation mechanism as discussed in the
previous section. The shape of the curve was found to be dependent on the magnitude of
the load, applied strain rate and ambient conditions like temperature and humidity. For
cyclic loading, the force-deflection hysteresis loop was found shifted to the right with
increase in the number of loading cycles, indicating static fatigue and softening behavior
of the foam material [30, 34, 35].
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Figure 2.4. Quasi–static Compressive Force-Deflection curve of polyurethane foam, with
a dynamic hysteresis loop resulting from small amplitude excitation [9].

2.2.2.2 Dynamic Response
Dynamic response of polyurethane foam was obtained by subjecting a foam-mass system
to impulse excitation (detailed in Chapter 4) and harmonic base excitation (detailed in
Chapter 5). The mechanical behavior is strongly affected by the compression level and the
rate of compression of the foam. The work in [24], shows that the mechanical behavior is
also affected by the fluid trapped in the polymer and the dimensions of the test specimen.
In the tests done using the foam-mass system configuration, like discussed in this thesis,
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the foam undergoes extra dynamic creep, beyond the quasi-static creep that occurs due to
mass loading of the foam.
2.3 Modeling Techniques

Polyurethane foam finds applications in a wide range of engineering products from car
seating to shock absorbers in electronic gadgets. Foam in each of its applications is
subjected to different loading conditions and thus exhibit a variety of responses, which can
be described by material models. Modeling techniques vary based on the scale of the
models based on micromechanics and cellular structure mechanics at smaller scales to
continuum mechanics based models at larger scales [37]. Models developed and discussed
in this thesis are examples of continuum based modeling.
2.3.1 Micro Scale Models
Microscopic models are developed based on the cellular structure attained under different
forces due to bond stretching, bending etc. The behavior of these cellular structures at
molecular level is analyzed by using statistical mechanics and thermodynamics. The
models developed help in predicting the linear [38, 39] and nonlinear [40, 41, 42] behavior
of the polymers. Some of the models described in [40, 43], claim to predict the actual
micromechanics responsible for the dependence of the material’s response to strain rate
when subjected to compressive force and also highlights the reasons for the origin of
nonlinear viscoelasticity.
Polyurethane foams are made up of a network of smaller units called cells. A cell consists
of struts and membranes that enclose a void space. These voids that trap air and the
geometry of the cells are responsible for the viscoelastic nature of foams. Micro scale
models of foam have also helped in linking the mechanical properties of the foam to the
shape and size of their cells, which is the building unit of the foam material. Owing to the
importance of the structure of the cells and its contribution to the response of foam, various
models have been developed for each type of cell structure, like regular prism structure in
[44, 45], rhombic docecahedra in [46] and tetrakaidecahedra in [47, 48, 49]. Generalization
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of these models incorporate the irregularities in the cell structure by means of statistical
laws governing distribution [50, 51, 52]. Some theories were also formulated to explain the
damping mechanism, creep and fatigue behavior in terms of micro scale properties.
Functional relationships were derived between fatigue to cell structure and relative density
by Huang and Lin [53]. Thus, it was found that relative density is one of the most important
properties influencing the foam behavior. It can be expressed as
𝜌𝑅 =

𝜌𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡
𝜌𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙

(2.1)

where, 𝜌𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 is the measured density of the foam sample, while 𝜌𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙 is the density
of the polymeric composition. The standard protocol for the measurement of𝜌𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 , is
given in ASTM D 3574 – 11 [21].

2.3.2 Macro Scale Models
Macroscopic models have been developed to predict the behavior of foam in a number of
its applications ranging from automotive seating to hospital beds. These models are based
on continuum mechanics with certain assumptions [54,55,56,57] or from mass-springdamper based models [58,59,60,61]. A number of constitutive laws were proposed that aim
at describing the stress-strain relationships. This thesis discusses macro scale models most
of which are improved versions of models proposed by researchers from Herrick
Laboratories of Purdue University. Also, there is some attempt at developing a model based
on response of a foam-mass system subjected to impulse excitation. A number of models
have been developed by researchers, in which the elastic and viscoelastic properties of
foam are modeled as both linear and nonlinear. A brief summary of most widely used
models in modeling the polyurethane foam is presented in this section.
Stress–Strain relationships, in the linear case are described in terms of the following
ordinary differential equation of arbitrary orders [62, 63, 64].
𝑎0 𝜎(𝑡) + 𝑎1

𝑑𝜎
𝑑2𝜎
𝑑𝜀
𝑑2 𝜀
+ 𝑎2 2 + ⋯ = 𝑏0 𝜀(𝑡) + 𝑏1 + 𝑏2 2 + ⋯,
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡

(2.2)
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where, 𝑎0 , 𝑎1 , 𝑎2 , 𝑏0 , 𝑏1 , 𝑏2 …, are material constants, 𝜎(𝑡) is the stress in the material and
𝜀(𝑡) is the strain in the material. Response of viscoelastic materials show time-dependence
and thus are sometimes referred as materials possessing memory property. For linear
viscoelastic materials, this characteristic can be explained by a formulation, which is based
on the convolution representation of the stress–strain relationship, the linear form of which
can be derived from Eq. (2.2). The constitutive relationship in the convolution form is thus
given by:
𝑡

𝜎(𝑡) = 𝐸 (𝜀(𝑡) − ∫ ┌ (𝑡 − 𝜏)𝜀(𝜏)𝑑𝜏),

(2.3)

−∞

where, ┌(𝑡 − 𝜏) is the relaxation kernel and 𝐸 is the Young’s modulus. This representation
was used by researchers from Herrick Labs. An alternative representation of Eq. (2.3), used
by [65, 66], is given as:
𝑡

𝜎(𝑡) = ∫ 𝐺 (𝑡 − 𝜏) 𝜀̇(𝜏)𝑑𝜏

(2.4)

−∞

where, 𝐺 (𝑡 − 𝜏) is the relaxation kernel. A representation of the relation kernel which can
be expressed as sum of exponentials is given by,
𝑚

𝐺 (𝑡 − 𝜏) = ∑ 𝑎𝑖 𝑒 −𝛼𝑖 (𝑡−𝜏) ,

(2.5)

𝑖=1

where, 𝑎𝑖 and 𝛼𝑖 are the viscoelastic parameters. Another approach that was used to model
the viscoelastic behavior was based on the fractional derivative approach and is discussed
in [67, 68]. The fractional derivative representation of the constitutive model is represented
as:
𝜎(𝑡) + 𝑏0 𝐷𝛽 [𝜎(𝑡)] = 𝐺0 𝜀(𝑡) + 𝐺1 𝐷𝛼 [𝜀(𝑡)],

(2.6)
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where, 𝐺0 and 𝐺1 /𝑏0 are the long time (rubbery) and instantaneous (glassy) modulus,
respectively, and 𝐷𝛼 , 𝐷𝛽 are fractional operators of orders 0 < 𝛽 <1 and 0 < 𝛼 <1,
respectively.
Experimental results have shown flexible polyurethane foam to be highly non-linear. Thus,
linear models are inadequate. The non-linear elastic behavior seen from the experimental
results calls for models incorporating non-linear elastic part. The Ogden model [69, 70], is
a continuum based model for rubber like materials that uses a polynomial function to model
the non-linear elastic behavior of polyurethane foam. Researchers from Herrick Labs, [15,
16, 17, 18], modeled the non-linear elastic part of the response by using a nth order
polynomial in strain:
𝑛

𝜎 = ∑ 𝑘𝑗 𝜀 𝑗 = 𝑘𝑗 𝑓𝑗 (𝜀),

(2.7)

𝑗=1

where, 𝑘𝑗 , 𝑗 = 1,2.. 𝑛, are material constants, 𝜀 is the strain in the material.
The approach adopted by many researchers [15, 16, 17, 18], to arrive at the model to predict
the response of a foam to uniaxial deformation was to model the response as an additive
sum of non-linear elastic component and a linear viscoelastic component. Therefore,

𝜎𝑡𝑜𝑡𝑎𝑙 = 𝜎𝑉 (𝑡) + 𝜎𝐸 (𝑡).

(2.8)

where, the elastic component of stress 𝜎𝐸 , as discussed in the previous section is modeled
by an nth order polynomial in strain. The viscoelastic component of stress,𝜎𝑉 , is modeled
as the convolution of material strain rate to the relaxation kernel.
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2.4 System Identification and Model Parameter Estimation

Mathematical modeling of polyurethane foam involves system identification and
parameter estimation. System identification pertains to the frame work of the model that
describes the behavior of a system. Once the frame work is determined, the next step is
essentially that of parameter estimation, where the input and response to the model are used
to estimate the parameters that are used in the model. Basic ideas of system identification
are elaborated in [71]. Models used to represent viscoelastic material and especially
systems incorporating polyurethane foams were discussed in the previous section. All
described models have an identified technique to estimate the parameters used in the
models based on suitable experimental data. The identification technique depends on the
model that is used to describe the behavior and the availability of relevant experimental
data. The main work in this thesis was to obtain experimental data by conducting various
tests on polyurethane foams. The experiments that were done as a part of this research
were:


Uni-axial compression test;



Impulse test;



Harmonic base excitation test.

The identification techniques used for uni-axial compression test were already developed
and discussed in [5, 15, 16] and the technique for impulse test was improved on from the
technique discussed in [7]. The parameters estimation was based on minimizing the sum
of square differences between the observed and the predicted response.
2.5 Summary

The literature review highlights the complexity of foam and also the variety of applications
of polyurethane foam. The focus of the research reported in this thesis is on conducting
various experiments on the polyurethane foam. The idea of type of experiments to be done
was selected based on the applications where foam is used and also in alignment with the
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ASTM standards that were discussed in the literature review. Mathematical models that
predict the response of foam to various inputs like compression and impulse formed by
previous researchers [15,16,17], were used and improved upon as a part of this thesis.
Experimental data obtained by subjecting foam to similar inputs like compression and
impulse were then used to estimate the model parameters. The estimation techniques also
were based on those used by previous researchers with minor improvements. Thus, the
detailed experimental procedures of foam subjected to compression and impulse input and
the corresponding parameter estimation techniques are detailed in Chapter 3 and Chapter
4. Chapter 5 presents the experimental response of the foam-mass system subjected to
harmonic base excitation of polyurethane foam and Chapter 6 presents the response of
CONFORTM foam to impulse input and harmonic base excitations.
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CHAPTER 3. UNIAXIAL COMPRESSION TEST OF POLYURETHANE FOAM:
EXPERIMENTAL OBSERVATIONS AND ANALYTICAL MODELING

Polyurethane foam which finds its application in seating systems, hospital beds etc. as a
cushioning element and in electronic gadgets, helmets etc. as shock absorbing material,
exhibits nonlinear elastic and viscoelastic characteristics. In order to capture these
behaviors and predict the response of polyurethane foam to various loading scenarios, a
mathematical model is required. Such a model of foam material can be incorporated in the
overall modeling of the engineering system it is used in, to get an idea of the behavior and
performance of the system before building of prototypes for testing.
In this chapter, experimental results of uniaxial compression tests performed on
polyurethane foam are presented, highlighting the nonlinear elastic and viscoelastic
properties of the polyurethane foam. This chapter also gives a snapshot of the test setup
and various parameters that were varied between tests and repeatability of tests. Based on
the understanding from the experimental stress-strain curve, a model was developed by
Puri [6] with nonlinear elastic term and linear viscoelastic term to best capture the behavior
of polyurethane foam.
Polyurethane foam sample of dimension 3in X 3in X 3in (76.2mm) was used in uniaxial
compression test. Compression test discussed in this chapter were conducted to examine
the uniaxial stress - strain relationships for the foam material to help in mathematical
modeling of foam. Due to the viscoelastic nature of the material and in order for the model
to be as comprehensive as possible, the compression test was done at various strain rates,
thus helping in development of polyurethane foam models that can be used to predict
behavior over a wide range of time scales.
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3.1 Experimental Setup

The compression test of polyurethane foam was done on MTS 858 Mini Bionix machine
in Mechanical Engineering Department, Purdue University. The machine has two plates,
one stationary and other actuated by a hydraulic power pack. An LVDT was used to
measure the displacement of the actuator plate. Based on the capacity of the load cell that
was present under the stationary plate, the machine had the capability of testing samples
subjected to uniaxial loads up to 25kN. The experimental setup had a data acquisition
system to acquire the displacement (from LVDT) and force (from load cell) input with a
sampling frequency of 128Hz. It was however noted from the data and by previous
researchers [72, 7], that the data acquired by the MTS machine was noisy. The noise could
have been from the hydraulic power pack near the MTS machine and also from the
quantization errors in the data acquisition system which was configured to measure much
larger forces. To reduce the noise the acquired data was digitally filtered with a low-pass
filter with a cut-off frequency of 5Hz and was then down sampled by a factor of 10 samples
per second. The picture of MTS machine and schematic of experimental setup are shown
in Figures 3.1 and 3.2.
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Figure 3.1. MTS 858 Mini Bionix Material Testing Machine that was used for uniaxial
compression test.

Figure 3.2. Schematic representation of uniaxial compression test done in MTS material
testing machine. The position of the plate during the test is represented by the horizontal
dashed line and x is the distance the top of the foam block has moved from its
uncompressed position. h is the height of foam block after the block has been left
uncompressed for two days.
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3.1.1 Experimental Procedure
The hydraulic power pack was switched on and the software for controlling the MTS
machine was opened in the computer connected with the MTS machine. The actuator was
commanded to move up creating a gap between the two steel plates. The displacement of
the actuator was measured and stored. The foam sample was placed on the bottom plate in
such a way that it was the rise direction (rise direction of a foam is the direction in which
the chemicals are poured into the die cavity and is mostly the configuration it is used in
applications like car seats). The height, h of the foam from the bottom plate was measured
using a Vernier caliper. The actuator was commanded to be 5mm above the foam to avoid
any preloading of the foam before the start of the programmed loading – unloading cycle
and the acquisition of data. The actuator was programmed to move down at a constant rate
and compress the foam to 66 percent of its height (h) and then go back to its initial state.
The displacement of the actuator was thus a triangular wave as shown in Figure 3.3. The
test was repeated for various strain rates (corresponding to different test durations) by
keeping the percent compression of the foam to a constant 66 percent. In Table 3.1. shows
the different durations of the tests that were conducted and the corresponding displacement
rate used in each case. The stress is calculated by dividing force by the area of the face of
the foam block that is in contact with the top plate and the strain is calculated by dividing
the displacement of the top plate face from its original uncompressed position at the start
of the experiment (x) divided by the height of the foam, h (strain = x/h). The results from
different tests are presented in Figure 3.4.
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T-ψ
Figure 3.3. Displacement profile of the actuator observed during uniaxial compression test.

Table 3.1. Uniaxial compression test conducted at various displacement rates.
Test

T1

T2

T3

T4

T5

T6

T7

Test Duration

2.53

4.90

10.8

20.8

27.8

41.7

88.3

0.65

0.33

0.16

0.077

0.057

0.040

0.024

(min)
Displacement
Rate (mm/s)
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Figure 3.4. Stress as a function of time obtained from uniaxial compression tests conducted
for a range of test durations (strain rates). Refer to Table 3.1. for characteristics of each
test. T1 (Blue), T2 (Dark Green), T3 (Red), T4 (Golden Yellow), T5 (Light Green), T6
(Magenta), T7 (Black).

Stress measured in T1 is plotted against the corresponding strain is shown in Figure 3.5.
These plots highlight the common three regions exhibited by open-cell flexible
polyurethane foam subjected to compression. The three regions linear, collapse and
densification was also discussed in [5]. The linear region is the first region where the
deformation of the cell structure is small and the foam is relatively stiff. The beams that
comprise the polyurethane structure start to buckle as compression increases and the cells
in the polyurethane foam collapse throughout the sample in the collapse region; in this
region the foam is softer. After the collapse of the cells, the cell walls being to impinge on
each other thereby resulting in rapid increase of stiffness which is the characteristic of
densification region.
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Figure 3.5. Stress plotted against strain for test duration T1, showing the characteristic
regions of foam experienced in a compression test.

3.2 Single Cycle and Multi Cycle Compression Test

The compression test results as shown in Figure 3.5. is a hysteresis curve with the upper
curve from 0 to T/2 seconds of the test representing the loading cycle of the foam and the
lower curve from T/2 to (T-ψ) seconds of representing the unloading cycle. The
corresponding plot where stress is plotted versus time is shown in Figure. 3.6. It can also
been seen that the unloading curve ends ψ seconds before the starting point of the loading
curve due to the memory property of the foam – at this point the top plate loses contact
with the foam. A three cycle compression test was also performed which showed that the
first cycle is different from other two cycles due to the memory property of the foam being
very significant between the first and second cycle and the difference is small between the
second and third cycle. The stress vs time and stress vs strain plots of the three cycle test
are shown in Figure 3.7. The displacement rate in this test was 0.077 mm/s.
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Figure 3.6. Stress measured in the T4 compression test on polyurethane foam, showing loss
of contact of the top plate with the foam before the end of test duration.

In a single cycle test, the polyurethane foam is subjected to a compression and relaxation
cycle, whereas in multi cycle, the foam was subjected to 3 consecutive cycles of
compression and relaxation. The difference in stress curve between 1st and 2nd cycles is
more than that of the difference in stress between 2nd and 3rd cycle, this is due to the fact
that the viscoelastic behavior of the foam is time dependent. When the foam was loaded
for the 1st cycle, it had 2 days to recover from its previous test, but for 2nd and 3rd cycles,
there was only a very short time of non-contact between the plate and the foam before the
next compression cycle started. The stress – strain curve for the three cycles are shown in
Figure 3.7. For this foam the system is beginning to approach steady-state behavior by the
third compression cycle. Note that the differences in stress between consecutive cycles are
much bigger in the first half of the compression cycle than in the return path, as the plate
moves up and the foam compression is getting smaller.
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3rd Cycle

2nd Cycle

1st Cycle

(a)

(b)

Figure 3.7. Experimentally measured versus (a) strain and (b) time of polyurethane foam
for a single cycle test duration of 2.53min repeated for consecutive 3 cycles.
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This phenomenon called stress softening behavior is always observed when a foam
material is subjected to a cyclic loading starting from a completely recovered state.
Harwood, Mullins and Payne [73] observed a similar phenomenon when rubber samples
were stretched and allowed to retract, showing that subsequent stretching required a smaller
force to achieve the same strain.
3.3 Repeatability

Repeatability is an important factor that helps us compare the data from different tests. In
the case of polyurethane foam which has time constants as low as few seconds to as high
as days, it is important to know the time that should be left between the tests for the foam
to recover to its initial state. As discussed earlier foam has memory which means that it
can take several hours to recover to the original height after each test. After trying out
different times between tests, White [9] found out that a recovery period of 2 days was
sufficient to ensure repeatability of tests using the car seating foam. The sufficiency of the
recovery period of 2 days was verified by subjecting the foam to same duration test 2 days
apart and the results for one of the strain rate tests conducted 2 days apart is shown in
Figure 3.8. The repeatability results for the other strain rate tests are similar.
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Figure 3.8. A sample of repeatability test results for a 2.53 min duration compression test.
Experimentally measured stress from two compression tests on the same foam block,
following the protocol of 2 days between consecutive tests. Blue (05/11/2011) and red
(06/13/2011).

3.4 Mathematical Modeling of Foam Behavior

The next step was to decide on the model structure to model the foam behavior. As
observed from the test results, foam exhibits nonlinear and viscoelastic behavior. It was
assumed that the stress response from the compression test can be decomposed into sum
of nonlinear elastic component and viscoelastic component. This model structure was used
by previous researchers [6, 7, 9]. The model is of the form:
𝜎 = 𝜎𝐸 + 𝜎 𝑣

(3.1)
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In the system identification procedure discussed in [6], a polynomial of order 𝑛 is used to
model the nonlinear elastic component and a convolution of strain rate and a sum of
exponentials relaxation kernel is used to model the viscoelastic component.
The equation for 𝜎𝐸 (elastic component), is given by:
𝑛

𝜎𝐸 = ∑ 𝑘𝑗 ԑ𝑗

(3.2)

𝑗=0

where 𝑛 is the order of the polynomial and ԑ is the instantaneous strain on the foam.
The equation for 𝜎 𝑣 (viscoelastic component), is given as:
𝑡

𝜎 𝑣 = ∫ 𝐺(𝑡 − τ)𝜀̇(τ)dτ

(3.3)

−∞

The relaxation kernel 𝐺(𝑡) is:
𝑚

𝐺(𝑡) = ∑ 𝑔𝑖 𝑒 −∝i t

(3.4)

𝑖=1

where 𝑚 is an integer that gives the number of viscoelastic terms in the model and g i and
∝i are the viscoelastic parameters.
Thus, the stress response, which is the sum of nonlinear elastic and viscoelastic
components, is given by:
𝑛

𝑡

σ = ∑ 𝑘𝑗 ԑ𝑗 + ∫ 𝐺(𝑡 − τ)𝜀̇(τ)dτ
𝑗=0

(3.5)

−∞

To examine how much additional terms contribute to the response prediction, the nonlinear
elastic polynomial can be written in terms of normalized orthogonal polynomial as
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𝑛

σ𝐸 = ∑

𝑗=0

𝑘𝑗 ԑ𝑗 = ∑

𝑛
𝑗=0

𝑠𝑗 𝑃𝑗 . The polynomials (Pj) are orthogonal over the range of 0

to 66% of the compression of the original length of the foam. The derivation of orthogonal
polynomials was detailed by Puri [6].
3.5 Modeling and System Identification from Single Cycle Uniaxial Compression
Test Data

The results from the one-cycle compression test of duration 2.53min is shown in Figure
3.9. If the behavior is expressed in terms of Equation (3.5), then the parameters of the
model can be estimated by fitting the model to the experimental data.
In this research, the estimation procedure developed by previous researchers was used (Puri
[6] and Rong [8]). It is assumed that 𝑛 = 9 (a 9th order polynomial) and 𝑚 = 2 (a two-term
viscoelastic relaxation kernel).
Step 1: Subtract the stress at a particular strain in the unloading cycle from the stress at the
same strain point in the loading cycle data. This gives the experimental stress difference
between loading and unloading cycles which is shown in Figure 3.10. The difference
between loading and unloading cycle can be represented as:
𝜎𝑑𝑖𝑓𝑓 (𝑡) = 𝜎 𝑈𝑝𝑝𝑒𝑟 (𝑡) − 𝜎 𝐿𝑜𝑤𝑒𝑟 (𝑇 − 𝑡),

𝜑≤𝑡≤

𝑇
2

(3.6)
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(a)

(b)

Figure 3.9. (a) Experimental stress versus time curve and (b) experimental stress versus
strain curve of polyurethane foam from a 2.53min test.
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Figure 3.10. Experimental (blue) and predicted (red) viscoelastic stress difference between
loading and unloading cycle of polyurethane foam from a 2.53min test.

This difference is a function of the viscoelastic behavior of the foam as shown in Equation
(3.7)
𝑡

𝑡1

𝜎𝑑𝑖𝑓𝑓 (𝑡) = ∫ 𝐺(𝑡 − τ)𝜀̇(τ)dτ − ∫ 𝐺(𝑡1 − τ)𝜀̇(τ)dτ , 𝜑 ≤ 𝑡 ≤
−∞

−∞

𝑇
2

(3.7)

where 𝜎𝑉 is the viscoelastic stress.
The viscoelastic parameters 𝑔𝑖 and 𝛼𝑖 , (𝑖 = 1, 2 … 𝑚) can now be estimated by using a
nonlinear optimization algorithm by minimizing the sum of squares error between the
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analytical and experimental values of stress difference. The Matlab function lsqcurve fit
was used for the nonlinear optimization.
Step 2: The estimated viscoelastic parameters are used to generate an estimate of the
viscoelastic part of the stress responses. This estimated viscoelastic stress is then subtracted
from the experimental stress to get an updated estimate of the elastic part of the stress. It
can be seen from the Figure 3.11 (a) that the elastic stress estimate for the loading and
unloading part are the same and lie on top of each other. The difference in the loading and
unloading parts of the experimental response is due to the viscoelastic component of the
stress.
Step 3: Estimation of nonlinear elastic stress parameters 𝑘𝑗 (j = 1,2 … n) is done by using
linear least squares estimation. The estimated parameters are then used to reconstruct the
elastic stress component. The reconstructed elastic component superimposed on the
experimental elastic component is shown in Figure 3.11 (b).
Step 4: The stress versus strain and stress versus time curves are reconstructed by using the
estimated elastic and viscoelastic parameters. In Figure 3.12 the experimental stress versus
strain and stress versus time curves are shown together with the responses predicted from
the model with the estimated parameters. It is also evident that the predictions agree well
with the experimental data.
Step 5: The adjusted 𝑅 2 value is calculated to quantify the agreement between the predicted
and measured responses. Based on discussion in previous steps, three different adjusted 𝑅 2
values can be computed: 𝑅𝑣2 for viscoelastic stress difference, 𝑅𝐸2 for the elastic response
2
and 𝑅𝑡𝑜𝑡
for the overall response. The nonlinear elastic and viscoelastic parameter

estimates are tabulated in Table.3.2.
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(a)

(b)

Figure 3.11. (a) Experimental elastic stress (blue) and (b) experimental elastic stress
(green) and predicted elastic stress (red) of polyurethane foam obtained from a 2.53min
test.
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(a)

(b)
Figure 3.12. (a) Experimental stress versus strain curve (blue) superimposed on the
predicted response (red), and (b) experimental stress versus time curve (blue)
superimposed on the predicted response (red) of polyurethane foam in the compression
experiment of duration 2.53min.
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Table 3.2. Model parameters estimated from the 2.53 min test data. The model order: 𝑛 =
9 and 𝑚 = 2, and the coefficients of determination for the viscoelastic response, elastic
response and the total response. Predictions using these parameters are shown in Figure
3.12.
𝑅𝑣2

𝑅𝐸2

2
𝑅𝑡𝑜𝑡

0.8330

0.9989

0.9991

𝑔1

𝑔2

𝛼1

𝛼2

29863

-13943

0.4805

0.2677

𝑘0

𝑘1

𝑘2

𝑘3

𝑘4

432.5

20155

2.14 × 105

-2.92 × 106

3.45 × 107

𝑘5

𝑘6

𝑘7

𝑘8

𝑘9

-8.54 × 107

1.94 × 108

-1.77 × 108

1.14 × 108

-4.341 × 107

3.6 Improving Fit by linearizing the Initial Part of the Response

The fit obtained from the foam model described in the previous section was seen to improve
by making the initial part of the experimental data linear as is shown in Figure 3.13. This
was done by fitting a straight line to the low strain part of the response versus time curve
and projecting that back in time until it crossed the zero stress line. Some of the response
characteristics at the beginning of the stress response are due to the top of the foam block
not being perfectly flat and the effects of this are not included in the model.
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(a)

(b)

Figure 3.13. (a) Experimental data (blue) and predicted response (red) before linearizing
the initial part of the data, and (b) experimental Data (green) and Predicted response (red)
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after linearizing the initial part of the data. Experimental data is from a 2.53min test on
polyurethane foam.
3.7 Summary

The experimental setup used for conducting uniaxial compression tests on seating foam
were described. The results obtained from the experiments, the mathematical model and
the results of fitting the mathematical model to the experimental data were discussed in
detail. The improvement in fit obtained by linearizing the initial part of the experimental
data was also discussed. The experimental data and the model parameters obtained from
the compression tests are compared later with the parameters estimated from other
experimental data from impulse and harmonic excitation tests of the foam when load with
various masses. The modeling approach described here has been developed further by
other researchers to produce a much more global model [76].
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CHAPTER 4. IMPULSE RESPONSE OF POLYURETHANE FOAM:
EXPERIMENTAL RESULTS AND ANALYTICAL MODELING

In this chapter, responses to impulsive excitation of simple systems incorporating
polyurethane foam as an element constrained to move uniaxially are shown. Experimental
protocols are described in detail as is the pre-processing required to prepare the data for
subsequent analysis. These foam-mass systems such as the one shown in Figures 4.1 and
4.2 are modeled as nonlinear, viscoelastic single degree of freedom systems. A system
identification method to estimate the parameters in the models from the measured
responses is explained in detail. It was observed that the static settling point (controlled by
the riding mass) and the level of the excitation both affected the model parameters that
were estimated from the experimental data.
Singh [7], studied dynamic modeling of foam using data from impulse tests conducted at
different compression levels, the compression being controlled by the size of the riding
mass. He developed models of the behavior at each settling point and the models contained
linear elastic and viscoelastic components. The model parameters were estimated using the
response data obtained in the impulsive excitation experiments. The parameter estimation
is based on modeling the free response of the system after the impulsive excitation has
ended as a Prony series (sum of exponentials). The Prony series parameters were then used
to determine estimates of the parameters of the foam model. This was done at various precompression levels (settling points). It was observed that the foam models identified from
tests at each settling point could not be used to predict the response obtained at other
settling points. The motivation for the research described here was to elaborate the method
he used and develop a single global model that will predict the settling point location and
the response to impulsive excitation at the various settling points.
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The model structure discussed in this chapter includes a nonlinear elastic term and a
hereditary type viscoelastic term. A series of experiments were conducted using different
masses on the foam block. For each mass, the settling point and the impulse response were
measured. The experimental data was expressed as a Prony series model. The Prony series
model parameters from each of the data set were then used to predict the local linear foam
model (containing a linear elastic and two term viscoelastic terms). In the next step, the
five different local linear elastic stiffness parameters and the settling point locations were
used to construct a global fifth order nonlinear elastic polynomial. This chapter also
explains another system identification technique used to predict a unique set of nonlinear
elastic and viscoelastic parameters by using the Prony model parameters obtained from
each of the five experimental impulse responses.
The chapter is organized to first describe the experimental setup, test protocol and the
instrumentation used to acquire the impulse response. Some preprocessing to align the time
axes of the free responses, remove any DC shifts from the acceleration time histories and
to reduce noise is described. Next the emphasis is on the model structure, derivation of
equation of motion and application of Prony series method to experimental data to identify
the linear parameters at each settling point. Finally, the system identification method used
to estimate the global model parameters from the estimated linear parameters at five
different settling points out of an available six sets of data is discussed. The predicted
responses using the global parameters are then presented.
4.1 Experimental Setup

In this section foam sample preparation, the test fixture and measurement instrumentation,
experimental protocols are described. The pre-analysis processing of the data is also
described and the free responses from the impulse tests around the six settling points are
shown.
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4.1.1 Preparation of Foam Sample
The experiments were performed on 3 inch (76.2mm) cubes of polyurethane foam, with
thin aluminum plates glued to two opposite faces of the foam. The aluminum plates glued
on the foam had threaded holes to firmly hold the foam between the dead load and the base
of the fixture described in the next section. A foam sample is shown on the right hand side
of Figure 4.1(a)
4.1.2 Test Fixture, Instrumentation and Data Collection
As shown in Figure 4.1, the foam-mass system consists of the foam cube and a mass that
loads the foam, and when placed in the fixture the mass is constrained to move uniaxially
in the vertical direction. A schematic of the assembly is shown in Figure 4.2. The fixtures,
which was fabricated by previous researchers [5, 8, 9], consists of a base plate with four
guide posts and a top plate with four holes that slides over the post. The fixture was
designed to constrain the motion to the vertical direction and in this configuration the foammass system can be modeled as a single-degree-of-freedom system. The holes of the top
plate were fitted with a linear contact ball bearing to reduce the friction between the guide
posts and the top plate that moves over it. The base plate and the top plate had a threaded
hole to which both the aluminum plates glued to the foam were fastened. The foam was
thus sandwiched between the base plate and the top plate. The top plate had two more
threaded holes to fasten additional masses to achieve different levels of compression on the
foam.

(a)
(b)
Figure 4.1. (a) Expanded view of the foam-mass system, (b) Assembled view of foam-mass
system, used in the impulse tests.
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(a)

(b)

Figure 4.2. (a) Schematic of the foam-mass system, used in the impulse testing. (b) Forces
acting on the plate.

An impulse hammer, Model 086C09 manufactured by PCB Piezotronics with a soft tip
(084C11) was used to impart impulse on the foam-mass system. The input force was
measured using a PCB 208M51 force transducer. The impulse hammer was mounted on a
post which was adjustable in the vertical direction (Z axis). Adjustment in the vertical
direction helps in controlling the amplitude of the input force. In order to minimize the
nonlinear effects, this adjustment was used to keep the input force sufficiently small to
achieve almost linear behavior, but at the same time making it large enough to ensure good
signal to noise ratios in the early part of the response of the impulsive excitation.
The foam-mass system was placed on an easily adjustable x-y table to ensure that the
generated impulse consistently hit the area close to the center of the top plate, thus
minimizing any rocking of the top plate. However, the rocking could not be completely
eliminated because the impact is not always perfectly centered and the foam samples may
also not be perfectly homogenous, which causes rotation of the top plate. Variation in
friction between the top plate and the four guide posts is another factor that causes rocking
motion. In order to monitor the rocking effects, four accelerometers were used on the top
plate to capture the response to the impulsive excitation of the foam-mass system. The x-y
table was adjusted to get an impact point where the four accelerometer responses were
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found to be very close to each other. In such a case, the average of four accelerometers was
used to remove the effect of the rocking motion of the top plate in the measured data; the
average of the four top-plate acceleration measurements was used in subsequent analysis.
The four accelerometer acquisitions and the input force transducer signals were passed
through Wavetek Model 852, analog 48 dB/Octave antialiasing filters with a cut off
frequency set to 512Hz. The signals were then sampled using a National Instruments Data
Acquisition Card at a rate of 4096 samples/second. After inspection of the signals’
temporal and spectral characteristics and initial attempts to model the free responses, it was
found to be advantageous to pass the sampled signals through a 5th order digital
Butterworth low pass filter with a cut off frequency 128Hz. The damped natural frequency
of the strongest component in the signal was typically below 20Hz. The experimental setup
with the impulse hammer, foam-mass system and the adjustable x-y table is shown in
Figure 4.3.

Figure 4.3. Experimental setup of impulse testing.
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4.1.3 Test Protocol and Repeatability
The local stiffness properties of polyurethane foam depend on the mean compression level.
Also, as discussed in Chapter 3, foam exhibits viscoelastic properties which make the
response of the foam dependent on the loading history and the recovery time allowed
between successive tests. For the entire range of riding masses used in the impulse testing,
it was found that a duration of 48 hours between loading the foam and performing impulse
test yielded repeatable results. Also, after the test, the foam was unloaded and allowed to
relax for another 48 hours (allowing the foam to recover to its initial height) before
performing next test at a different settling point. These were similar to the rest times that
White and Singh [9, 7] determined when they explored how to obtain repeatable results in
their impulse testing.
4.1.4 Experimental Data
The result of an impulse test is shown in Figure 4.4 (a). After fine adjustments of the x-y
table to find an impacting location where rocking motion is very small, the responses of all
the four accelerometers are very close to each other, as is shown in Figure 4.5. The average
of free responses measured by all the four accelerometers is shown in Figure 4.6. All the
data presented in Figures 4.4 to 4.6 are after passing through the analog antialiasing filter
with the cut off frequency set at 512Hz and before passing through the digital low pass
filter of cut off frequency 128Hz. The average free response data after applying the
additional digital low pass filter and trimming the data after (0.45 sec) is shown in Figure
4.7. After 0.45 sec the response is to noise floor and distortion in response due to the friction
in the posts is very strong at low amplitudes. Data such as that shown in Figure 4.7 was
used in the system identification. The mass of the foam for results shown in Figures 4.4 to
4.7 was 1.934 Kg and the compression was 46.83%.
LabVIEW was used to collect the data from the impulse test. The program was run to start
the data acquisition and then the impulse was triggered. The complete one second of
acquired data is shown in Figure 4.4 (a). It can be seen that the impulse was triggered at
0.13s after the start of acquisition (which is start of LabVIEW program). The free response
data
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(a)

(b)
Figure 4.4. (a) Signals measured in voltage, during an impulse test on the foam-mass
system. Input force (black) and response acceleration (blue, red, green, purple) are the
measured signals. (b) Free response obtained by considering data after the input impulse
excitation has ended.
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used for all model fitting throughout this chapter was obtained by considering the response
after the input impulse force has ended. The expanded time series view shown in Figure
4.4 (a) highlights the start and end of the input impulse excitation (starting at 0.14s and
ends at 0.146s). The free response after the end of the impulse excitation is shown in Figure
4.4 (b).

Figure 4.5. Experimental free response of the foam-mass system, loaded with a mass 1.934
kg and 46.83% compression of the foam.
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Figure 4.6. Average of the four accelerometer measurements taken on the top plate of the
foam-mass system, loaded with a mass 1.934 kg and 46.83% compression of the foam.

Figure 4.7. Filtered response obtained by passing the sampled acceleration signals through
a Butterworth low pass filter with a cut off frequency of 128Hz.
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4.2 Analytical Modeling

The equation of motion of the mass in the foam-mass system is described in this chapter.
A Prony series was fitted to the free response data at different settling points and the
parameters in the equation of motion are estimated from the estimates of the Prony series
parameters. Later, using the Prony model parameters, the system identification of the
global model with nonlinear elastic and viscoelastic parameters are detailed.
As intended in the design of the foam-mass system fixture, the experiment was aimed at
studying the uniaxial dynamic response of polyurethane foam subjected to various input
forces, some of them being impulse and harmonic base excitation etc.
4.2.1 Foam Model
The foam force is plotted versus top surface displacement in Figure 4.8. The data were
obtained from a compression test (discussed in Chapter 3) on the same polyurethane foam
used in the impulse tests. It is assumed that the total foam force can be decomposed into
two parts, an elastic component and a viscoelastic component:
𝐹 = 𝐹𝑒 + 𝐹𝑣 ,

(4.1)

where, 𝐹, 𝐹𝑒 , and 𝐹𝑣 , are the total force, the elastic component of the force and the
viscoelastic component of the force, respectively.
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Figure 4.8. Uniaxial compression test data of seating foam performed for a duration of
2.53min, showing the loading and the unloading curve.

4.2.2 Nonlinear Elastic and Viscoelastic Behavior:
As noted by previous researchers [5, 6] and also observed from the force - displacement
curve obtained from the compression test shown in Figure 4.8, the flexible polyurethane
foam exhibits nonlinearity and viscoelastic properties. In Figure 4.9, is shown the force
prediction using the elastic polynomial Puri [6] obtained from fitting a nonlinear
viscoelastic model to compression test data with the force and corresponding settling points
measured for each mass loading used in the impulse tests described above. The elastic
response is clearly nonlinear and with local static stiffness varying with the compression.
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Figure 4.9. Force vs strain obtained from the elastic part of the model derived from the
compression test data (red) and the measured static settling points (blue) of the foam at
various loads used for subsequent impulse testing.

A viscoelastic material like foam contains a large number of time constants ranging from
fractions of seconds to several days, see, for example, [7], and so the instantaneous stress
depends on the instantaneous strain and the history of strain. As discussed in Chapter 3,
the viscoelastic part of stress may be expressed as a convolution of strain rate and a
(theoretically infinite) sum of exponentials kernel.
𝑡

σV = ∫ G(t − τ)ε̇ (τ)dτ

(4.2)

−∞

where 𝐺(𝑡) is the relaxation kernel and is represented by,
𝑚

𝐺(𝑡) = ∑ 𝑔𝑖 𝑒 −∝𝑖 𝑡
𝑖=1

(4.3)
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This sum of exponentials kernel is often called the relaxation kernel, and the viscoelastic
component of force, 𝐹𝑣 is expressed as
t

𝐹𝑣 = ∫

𝑀

∑ g i e−∝i (t−τ) 𝑥̇ (τ)dτ

(4.4)

−∞ 𝑖=0

where 𝑀 is the number of viscoelastic terms and the g i and ∝i are the viscoelastic
parameters. This type of relaxation kernel has been used by many researchers [5, 6, 7] and,
it has a clear physical interpretation in terms of time constants 𝜏𝑖 = (𝑅(−∝i )) −1 ,
associated with a viscoelastic material.
It was seen from the compression test on polyurethane foam that the force is a nonlinear
function of displacement. So, the impulse response even for small amplitude of input force
may exhibit nonlinear behavior. In this chapter, the nonlinearity of elastic force is modeled
as a fifth order polynomial of displacement of the top face of the foam relative to the base
of the foam (𝑥). The elastic force is thus given as
𝑁

𝐹𝑒 = ∑ 𝑘𝑛 𝑥 𝑛 ,

(4.5)

𝑛=1

where, in this part of research 𝑁 is chosen to be 5 and 𝑘𝑛 , 𝑛=1,2…5, are the elastic
parameters.
Thus, from the description of the elastic component and the viscoelastic component,
Equation (4.1) can be written as:

𝑁

𝑡
𝑛

𝐹𝑓𝑜𝑎𝑚 = ∑ 𝑘𝑛 𝑥 + ∫
𝑛=1

𝑀

∑ 𝑔𝑖 𝑒 −∝𝑖 (𝑡−𝜏) 𝑥̇ (𝜏)𝑑𝜏,

−∞ 𝑖=0

where 𝑥̇ is the velocity of the top surface of the foam.

(4.6)

60

The general form of the equation of motion of the foam-mass system is given as:
𝑚𝑥̈ + 𝑐𝑥̇ + 𝐾(𝑥) − 𝑉 = −𝑚𝑔 − 𝑓(𝑡)

(4.7)

For the impulse testing with the additional mass, and a downwards force, 𝑓(𝑡), which is in
the same direction as the positive x direction, the equation of motion is:

𝑁

𝑀

𝑡

∑ 𝑔𝑖 𝑒 −∝𝑖 (𝑡−𝜏) 𝑥̇ (𝜏)𝑑𝜏 + 𝑚𝑔 = 𝑚𝑥̈ .

𝑛

𝑓(𝑡) − ∑ 𝑘𝑛 𝑥 − ∫
𝑛=1

(4.8)

−∞ 𝑖=0

4.2.3 Equation of Motion of the Foam - Mass System about a Settling Point
First, the settling point when 𝑓(𝑡) = 0 Newton and the mass is at rest is rest is found from
the solution of:
𝑁

∑ 𝑘𝑛 𝑥0 𝑛 = 𝑚𝑔.

(4.9)

𝑛=1

where 𝑥0 denotes the static settling point. It can be noted that, the viscoelastic term used in
the model (the convolution of the kernel with the response velocity) does not affect the
settling point.
The equation of motion given in Equation (4.7) is first linearized about each static settling
point (𝑥0 ) by setting 𝑥 = 𝑥0 + 𝑦. This is substituted into Equation (4.8) and only the linear
functions of 𝑦 are retained. This yields an equation of the form:
𝑡

𝑚𝑦̈ + 𝑐𝑦̇ + 𝑘𝐿 𝑦 + ∫

𝑀

∑ 𝑔𝑖 𝑒 −∝i (𝑡−𝜏) 𝑦̇ (𝜏)𝑑𝜏 = 𝑓(𝑡)

−∞ 𝑖=0

(4.10)
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where
𝑁

𝑘𝐿 = ∑ 𝑛𝑘𝑛 𝑥0 𝑛−1

(4.11)

𝑛=1

Also, after the impulse force has become zero, Equation (4.10) becomes
𝑀

𝑡

𝑚𝑦̈ + 𝑐𝑦̇ + 𝑘𝐿 𝑦 − ∫

∑ 𝑔𝑖 𝑒 −∝i (𝑡−𝜏) 𝑦̇ (𝜏)𝑑𝜏 = 0

(4.12)

−∞ 𝑖=0

The integral viscoelastic term in Equation (4.12) can be expressed as an 𝑀th order
differential equation by taking the Laplace transform of the convolution and recognizing 𝑠
as a differential operator. For example, if 𝑀=2,
{𝑉} = [

𝑔1
𝑔2
+
] 𝐿{𝑦̇ }
𝑠 +∝1 𝑠 +∝2

(4.13)

which leads to the linear differential equation
𝑉̈ + 𝑎1 𝑉̇ + 𝑎2 𝑉 = 𝑏1 𝑦̈ + 𝑏2 𝑦̇ ,

(4.14)

where
𝑎1 = ∝1 + ∝2 ,

(4.15𝑎)

𝑎2 = ∝1 ∝2 ,

(4.15𝑏)

𝑏1 = 𝑔1 + 𝑔2 ,

(4.15𝑐)

𝑏2 = 𝑔1 ∝2 + 𝑔2 ∝1 .

(4.15𝑑)
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Equations (4.10) and (4.14) can be combined and expressed as a 4th order ordinary
differential equation in term of 𝑦:

𝑚𝑦 𝑖𝑣 + (𝑎1 𝑚 + 𝑐)𝑦⃛ + (𝑎2 𝑚 + 𝑎1 𝑐 + 𝑘𝐿 − 𝑏1 )𝑦̈
+(𝑎1 𝑘𝐿 + 𝑎2 𝑐 − 𝑏2 )𝑦̇ + 𝑘𝐿 𝑎2 𝑦 = −𝑓(𝑡).

(4.16𝑎)

For each settling point associated with a particular mass, the coefficients of this differential
equation can be determined. The free response, after 𝑓(𝑡) is no longer acting, can be found
by setting the right hand side of Equation (4.16a) to zero. The free response is a sum of
(𝑀 + 2) exponentials, i.e., a Prony series.
𝐽

𝑦(𝑡) = ∑ 𝐶𝑗 𝑒 𝑝𝑗𝑡 ,

(4.16𝑏)

𝑗=1

where, 𝐽 = 𝑀 + 2 if 𝑦(𝑡) is the solution of Equation (4.16a). By substituting 𝑦(𝑡) into
Equation (4.16a), it can be shown that the exponents in the Prony series satisfy:
𝑚𝑝𝑗 4 + (𝑎1 𝑚 + 𝑐)𝑝𝑗3 + (𝑎2 𝑚 + 𝑎1 𝑐 + 𝑘𝐿 − 𝑏1 )𝑝𝑗2
+(𝑎1 𝑘𝐿 + 𝑎2 𝑐 − 𝑏2 )𝑝𝑗 + 𝑘𝐿 𝑎2 = 0.

(4.16𝑐)

4.3 Prony’s Method

The experimental free response of the foam-mass system about the static settling point, as
discussed in the previous section, is expressed as sum of exponentials using Prony series.
A Prony series is fitted to the free response after the impulsive excitation of the foam-mass
has ended. This yields estimates of the 𝑝𝑗 and 𝐶𝑗 . These values, along with the mass and
the corresponding static settling point are used to derive estimates of the coefficients of the
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equation of motion about the settling point described in Equation (4.12). Using the
estimates derived at each settling point for each mass used, the parameters, of the global
foam - mass system model can be estimated.
The excitation and the response to the impulsive excitation were acquired at a sampling
rate 𝑓𝑠 of 4096 samples/second after passing the signals through 4th order Butterworth antialiasing filters with a cut-off frequency set at 128Hz. The discrete-time Prony series model
of the free response is:
𝐾

𝑦(𝑛∆) = ∑ 𝐶𝑘 𝑒 (𝑝𝑘)𝑛∆ + 𝑒𝑛 ,

(4.17)

𝑘=1

where ∆ sampling interval in seconds (1/𝑓𝑠 ), 𝑒𝑛 is a time history that represents the
mismatch between the model predictions and the response data, n is the sample number.
For the pairs of complex conjugate terms in the Prony series, the 𝐴𝑘 ’s are the amplitudes
of the complex exponentials, the 𝑞𝑘 ’s are the decay factors, the 𝑓𝑘 ’s are the damped natural
frequencies in Hz, 𝜃𝑘 are the phases in radians. The 𝑝𝑘 can be written in real and imaginary
form as:
𝑝𝑘 = −𝑞𝑘 + 𝑖2𝜋𝑓𝑘 , 𝐶𝑘 = 𝐴𝑘 𝑒 𝑖𝜃𝑘 and 𝑋𝑘 = 𝑒 (−𝑞𝑘+𝑖2𝜋𝑓𝑘)∆

(4.18)

for 𝑘 = 1,2,…,L. Thus,
𝑙𝑜𝑔(𝑋𝑘 )
𝑞𝑘 = −𝑙𝑜𝑔|𝑋𝑘 |⁄∆ = −𝑅𝑒𝑎𝑙 (
) 𝑠 −1 ,
∆

(4.19𝑎)

tan−1 [𝐼𝑚𝑎𝑔 {𝑋𝑘 }⁄𝑅𝑒𝑎𝑙{𝑋𝑘 }]
𝑙𝑜𝑔(𝑋𝑘 )
𝑓𝑘 =
= 𝐼𝑚𝑎𝑔 (
) 𝐻𝑧 ,
2𝜋∆
2𝜋∆

(4.19𝑏)

𝐴𝑘 = |𝐶𝑘 | ,

(4.19𝑐)
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𝜃𝑘 = tan−1 [

𝐼𝑚𝑎𝑔{𝐶𝑘 }
] = 𝐼𝑚𝑎𝑔(log(𝐶𝑘 )).
𝑅𝑒𝑎𝑙{𝐶𝑘 }

(4.19𝑑)

If 𝑦(𝛿) is the sampled impulse response, ℎ(𝛿), then Z transform of the discrete system’s
transfer function is the ratio of polynomials.
4.3.1 Estimation of Prony Parameters
Prony’s method to estimate the 𝐶𝑘 and the 𝑋𝑘 of the Prony series consists of three steps.
These are described below.
Step 1: The response at one time is modeled as weighed sum of response at previous times
and the weights are determined through a linear least square fit to the free response data.
Denote these weights by −𝑑1 , −𝑑2 , … −𝑑𝑘 , [74].
Step 2: The estimated weights from step 1 are the coefficients of a polynomial
(𝑍 𝐾 +𝑑1 𝑍 𝐾−1 + ⋯ 𝑑𝑘 ), whose roots are the 𝑋𝑘 . The zeros of the prediction polynomial
are found give the (𝑝𝑗 ) of the model from which the damping and natural frequency can be
extracted as shown above.
Step 3: The response data and the 𝑋𝑘 that were estimated in step 2 are used with the model
at each time step (𝑛 = 0,1,2 … ) to construct a set of linear equations which are solved in
a least square sense to find the complex amplitudes (𝐶𝑘 ) associated with each 𝑋𝑘 .
The three step Prony method was applied to known sums of decaying sine waves with some
added noise. The sampling rate, frequencies, damping and noise levels were chosen to be
similar to parameter values and noise levels observed in the experiments. This was done to
check for the reliability of the estimates under these conditions. The method was then
applied to model the free response acceleration data. It was found that higher the order of
the Prony series, the better was the fit, which was partially because the additional terms
were modeling the experimental noise. The components modeling the free response of the
foam-mass system tended to converge as the model order increased and a method to
identify and extract the main contributing components was developed. From that lower
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model the system parameters 𝑐, 𝑘, 𝑔 and ∝ were estimated. This is discussed below. This
is a method that was developed by Singh [7].
Substituting the Prony series model into the foam-mass system governing differential
equation with f (t) is zero and equating coefficients of like terms results in the following
set of equations:

𝑁

𝑚𝑝𝑗2

+ 𝑐𝑝𝑗 + 𝑘 + ∑
𝑖=1

𝑁+2

∑
𝑗=1

𝑔𝑖
= 0,
𝑝𝑗 +∝𝑖

𝐶𝑗
= 0,
𝑝𝑗 +∝𝑖

𝑗 = 1,2, ⋯ , 𝑁 + 2

𝑖 = 1,2, ⋯ , 𝑁

(4.20)

(4.21𝑎)

Combining the terms in Equation (4.21a) into a single fraction and considering the
numerator only gives:

𝑁+2

𝑁+2

𝑃(∝𝑖 ) = ∑ 𝐶𝑗 ∏ (𝑝𝑗 +∝𝑖 ) = 0
𝑖=1

(4.21𝑏)

𝑖=1,𝑖≠𝑗

Estimates of 𝐶𝑗 and 𝑝𝑗 are used in Equation (4.21b) to determine the coefficients of the
𝑁 + 1 th order polynomial in ∝i. The roots of the polynomial give 𝑁 + 1 values for the
𝑁 exponents in the viscoelastic model, thus it is necessary to identify which of these does
not belong in the viscoelastic model. During experiment, the response for different input
forces is collected for every settling point. When the experimental data was used in system
identification, it was found that the 𝑁 roots of ∝ were always close to each other
irrespective of the input force whereas the 𝑁 + 1𝑡ℎ root varied. This helped in the
identification of the spurious ∝.
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Once the 𝑁 roots of ∝ are identified, other model parameters can be identified by using
Equation (4.21) for each value of Prony series exponents. This results in the set of equations
shown in matrix form in Equation (4.22), there are 𝑁 + 2 linear equations with 𝑁 + 2
unknowns. So, these simultaneous equations are solved to get the parameters 𝑐, 𝑘 and 𝑎𝑖 .
1

𝑝2

1

⋯
⋯

⋯
⋯

𝑝𝑁+2

1

[

𝑝1

−1
𝑝1 +∝1
−1
𝑝2 +∝1
⋯
⋯
−1
𝑝𝑁+2 +∝1

−1
𝑝1 +∝𝑁
𝑐
𝑝12
−1
𝑘
𝑝22
𝑝2 +∝𝑁
𝑔1 = −𝑚 ⋯
⋯
⋯
⋯
⋯
2
[𝑔𝑁 ]
[𝑝𝑁+2 ]
−1
𝑝𝑁+2 +∝𝑁 ]

⋯
⋯
⋯
⋯
⋯

(4.22)

Thus by solving for the roots of the polynomial in Equation (4.21b) and solving Equation
(4.22), all the parameters are estimated.
4.3.2 Use of Acceleration Data
It is important to note that Prony Method was applied to the experimental acceleration data
and not displacement data. So, the residue 𝐶𝑗 which corresponds to displacement data has
to be found. Expressing both acceleration and displacement as sum of exponentials,
𝑁+2

𝑥̈ (𝑡) = ∑ 𝐷𝑗 𝑒 𝑝𝑗𝑡

(4.23)

𝑗=1

displacement 𝑥(𝑡) is obtained by integrating the acceleration 𝑥̈ (t) values twice, assuming
that 𝑥(𝑡) does not contain any constant term. The coefficients of 𝐶𝑗 are then given by 𝐶𝑗 =
𝐷𝑗 ⁄𝑝𝑗2 .
4.3.3 Discussion on fitting higher order Prony series and identifying contributing
poles
The experimental data acquired from the impulse test is noisy (electrical noise, noise due
to A/D conversion, environmental vibration all corrupt the measurement). Presence of
noise in measured response affects the estimation of residues (𝐶𝑗 ) and exponents (𝑝𝑗 ).
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Several methods for improvements in accuracy of the estimated 𝐶𝑗 and 𝑝𝑗 have been
suggested over years by many researchers, see, for example [74].

(a)

(b)

(c)

(d)

Figure 4.10. Measured impulse response (blue), fitted to Prony series (red) of different
order. (a) Order = 4, (b) Order = 80, (c) Order = 180, (d) Order = 270.
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One method is to increase the model order of the Prony series so that some of the terms in
the series are modeling the noise structure while others are modeling the system response.
From Figure 4.10, it can be seen that higher model order fit the data very well as against
lower model order. Also, it was also observed that the signal poles change very little as the
model order increases. So, the better fit to the data was because most of the higher order
terms were attempting to model the noise. The Prony series model was fit to the time
reversed free response data of the impulse experiment. A program was written to increase
the model order of Prony series in steps of 10 from 100 to 300. The poles were estimated
for each model order and the 𝑝𝑗 clusters are plotted in Figure 4.11.
As discussed, the position of the 𝑝𝑗 were seen to alter slightly with change in model order,
the 𝑝𝑗 that really model the foam-mass system behavior are selected by identifying the
good clustering behavior as model order increases. Most of the terms in the Prony series
that model the noise structure do not produce 𝑝𝑗 that form clusters with changes in model
order.
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(a)

(b)
Figure 4.11. (a) Clustering of the estimated pj obtained by increasing the model order of
the Prony series from 100 to 300 in steps of 10 and plotting the identified poles for model
order. The five pj (two complex conjugate pairs and a real) that exhibit strong clustering
behavior are circled in red. (b) Measured impulse response (blue), fitted to Prony series of
order 4 (red) and order 2 (green).
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Of the two most prominent complex conjugate 𝑝𝑗 clusters the lower frequency 𝑝𝑗 pole had
the maximum amplitude |𝐶𝑗 | and models a large component of the system behavior, the
contribution of this component and the original signal being modeled is shown in Figure
4.12 (b) With this two-term dominance, it appears that for this impulse test about a static
settling point the response of the foam-mass system can be approximately modeled as a
mass-spring-viscous damper system, but the parameters of this approximate system are
affected by the viscoelastic contributions. To fully model the viscoelastic, viscous damping
and elastic contributions, the additional 𝑝𝑗 clusters are needed in the model. The response
when including all 4 terms in the model is also shown in Figure 4.12 (c). The process to
identify the most strongly contributing components that model the free response behavior
is as follows. A high order Prony series model is fitted to the free response data from 0.01
seconds to 0.46 seconds where 0 seconds correspond to the onset of the impulse. The
energy contribution of each term is calculated by using the Equation (4.24). The
contribution of each of the terms in a complex conjugate pair of terms are added. The
calculated values were used to identify which terms were contributing most. The terms
were sorted in ascending order of the energy contribution over the first 0.45 seconds of the
free response. Starting with the strongest contribution, the terms were included one pair at
a time to see how the fit improved with addition of extra terms.
𝑇
2

𝐸𝑗 = ∫|𝑥𝑗 (𝑡)| 𝑑𝑡

(4.24)

0

where, 𝐸𝑗 is the energy contribution of that term, 𝑥𝑗 (𝑡) is a contributing term and 𝑇 is the
duration over which the model is fitted to the data. In this example shown in Figure 4.12,
T was chosen to be 0.45 seconds.
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(a)

(b)

(c)

Figure 4.12. (a) Measured impulse response (blue) fitted to Prony series of order 270 (red).
(b) Major contributing terms represented by green, blue and red in the order of decreasing
energy content of the terms. (c) Sum of major 5 terms (red) of Prony model (picked from
Prony series fit of order 270 using power method) contributing to fit the measured data
(blue).

In Figure 4.12 (b) is shown the first three contributing terms for the free response in an
experiment with a mass 1.934 Kg of and corresponding static settling point of 1.781 inches
(46.83% compression). The fit achieved with a model order of 200 was usually achieved
by the top 9 contributing terms picked by using the energy contribution method, however
a 9-term model directly fitted to the data did not produce such a good fit to the data showing
that the extra terms were needed to model the noise contributions, it is shown in Figure
4.13.
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Figure 4.13. Measured impulse response (blue) fitted to 9-term Prony series (red) and fitted
to 9-term Prony series, where the 9 terms are picked by using energy contribution method
from a 200 term Prony series (black).

4.4 Parameter Estimation Procedures

The parameters of the global foam-mass system model are identified by using two
procedures. The first procedure identifies one set of nonlinear elastic parameters taking
into consideration the data from all the five settling points and different viscoelastic
parameters for each settling point. The second procedure identifies a unique set of elastic
and viscoelastic parameters from the experimental impulse responses obtained from five
different settling points.
In this section, the procedure is derived for the special case where the viscoelastic kernel
order 𝑀 = 2 and elastic polynomial function order 𝑁 = 5. The procedure to identify unique
set of elastic and viscoelastic parameters from the 5 sets of experimental free response data
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at five different settling points is described below. The approach can be extended to
arbitrary orders of the viscoelastic kernel and the polynomial used to describe the elastic
behavior.
The number of settling points (number of masses) must be equal to or greater than the order
of the polynomial to be able to identify all the terms in the global model. It is also necessary
to have a range of masses that enable spanning of the compression range of interest. In this
study, 5 masses are considered. Denote the 𝑙 th mass by 𝑚𝑙 where 𝑙 = 1, 2, … , 5 and the
corresponding settling point and linear stiffness by 𝑥𝑜,𝑙 and 𝑘𝐿,𝑙 , respectively. The nonlinear
elastic parameters 𝐾1 to 𝐾5 (𝑁 = 5) identified from the Prony series fits are the same for
both global parameter estimation techniques. The method for identifying the viscoelastic
parameters from free response data at each settling point is explained in the next section.
Step I
The first step of the parameter estimation procedure is to fit a Prony series to the
experimentally obtained free acceleration response around each settling point similar to the
one shown in Figure 4.12 (a). A high order Prony series is typically chosen (𝐽 > 10) and
then the four terms that contribute the highest energy levels to the free response over the
first 0.5 seconds of the signal are chosen as the four 𝑝𝑗 at each settling point. As noted
above, the approach to using high order Prony series to model the contribution of both the
signal and the noise is well known [75]. The duration over which to calculate the energy
was determined by examining the accuracy of the responses predicted using the reduced
order Prony series. This will be a function of the damping in the foam being examined and
thus must be tailored to the material being modeled.
Step II
Denote the coefficients of the polynomial in Equation (4.16c) by:
𝑄1,𝑙 = (𝑎1 𝑚𝑙 + 𝑐),
𝑄2,𝑙 = (𝑎2 𝑚𝑙 + 𝑎1 𝑐 + 𝑘𝐿,𝑙 − 𝑏1 ),

(4.25𝑎)
(4.25𝑏)
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𝑄3,𝑙 = (𝑎1 𝑘𝐿,𝑙 + 𝑎2 𝑐 − 𝑏2 ),

(4.25𝑐)

𝑄4,𝑙 = 𝑘𝐿,𝑙 𝑎2 ,

(4.25𝑑)

so Equation (4.16c) can be rewritten as:
3
2
−𝑚𝑙 𝑝𝑙,𝑗 4 = (𝑄1,𝑙 )𝑝𝑙,𝑗
+ (𝑄2,𝑙 )𝑝𝑙,𝑗
+ (𝑄3,𝑙 )𝑝𝑙,𝑗 + 𝑄4,𝑙

(4.26)

For each riding mass 𝑚𝑙 the 𝑝𝑙,𝑗 (j=1,2,3,4) are known and Equation (4.26) gives four
equations which can be solved for estimated of the four unknowns 𝑄1,𝑙 , 𝑄2,𝑙 , 𝑄3,𝑙 and 𝑄4,𝑙 .
By following the same procedure for all 5 riding masses, a total of 20 𝑄𝑟,𝑙 ( 𝑟 = 1,2,3,4
and 𝑙 = 1,2,3,4,5) are obtained. Knowing the 𝑄𝑟,𝑙 the unknown system parameters can be
estimated by using the relationship defined in Equation (4.25). However, this leads to a
problem

because

there

are

20

equations

but

only

10

unknowns

(𝑎1 , 𝑎2 , 𝑏1 , 𝑏2 , 𝑐, 𝑘𝐿,1 , 𝑘𝐿,2 , 𝑘𝐿,3 , 𝑘𝐿,4 , 𝑘𝐿,5) and these equations are nonlinear functions of the
unknowns.
Step III
Equation (4.25a) yields 5 equations by setting 𝑙 = 1, 2 … , 5. There are only 2 unknowns,
𝑎1 and 𝑐 and the equations are linear because the masses are known. The least squares
solution yields estimates for 𝑎1 and 𝑐.
Step IV
From Equation (4.25d) it can be seen that the linearized parameters are related to one
another by:

𝑘𝐿,𝑙 = 𝑘𝐿,1

𝑄4,𝑙
𝑙 = 2, 3, . . . , 5
𝑄4,1

(4.27)
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These relationships and Equations (4.25c) for 𝑙 = 1, 2, … , 5 are used to estimate 𝐾𝐿,𝑙 . This
can be done by eliminating (𝑎2 𝑐 − 𝑏2 ) term from each equation, e.g. subtracting the 𝑙 =
2 equation from the 𝑙 = 1 equation, the 𝑙 = 4 equation from the 𝑙 = 3 equation, and
the 𝑙 = 5 equation from the 𝑙 = 1 equation. This results in three linear equations in 𝐾𝐿,𝑙 :
𝑎1 (1 −

𝑄4,2
) 𝑘 = 𝑄3,1 − 𝑄3,2 ,
𝑄4,1 𝐿,1

𝑄4,3 𝑄4,4
𝑎1 (
−
) 𝑘 = 𝑄3,3 − 𝑄3,4 ,
𝑄4,1 𝑄4,1 𝐿,1

𝑄

𝑎1 (1 − 𝑄5,4) 𝑘𝐿,1 = 𝑄3,1 − 𝑄3,5
4,1

(4.28𝑎)

(4.28𝑏)

(4.28𝑐)

The only unknown in the above three equations is 𝐾𝐿,𝑙 which can be estimated using the
least squares method. The estimate of 𝐾𝐿,𝑙 is then used in Equation (4.27) to determine the
remaining unknown linearized stiffness coefficients 𝐾𝐿,𝑙 . Also Equations (4.25d) are used
to estimate 𝑎2 , the only remaining unknown in this equation.
Step V
Equations (4.25b) and (4.25c) are used to estimate the remaining two unknown variables
𝑏1 and 𝑏2 , respectively.

Step VI
Equation (4.15) are used to estimate the viscoelastic parameters, 𝑔1 , 𝑔2 , 𝛼1 , 𝛼2 , given the
estimated parameters 𝑎1 , 𝑎2 , 𝑏1 , 𝑏2 . Equations (4.15a) and (4.15b) are symmetric with
respect to 𝛼1 and 𝛼2 . Solving these equations gives

𝛼1 =

𝑎1 + √𝑎12 − 4𝑎2
,
2
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𝛼2 =

𝑎1 − √𝑎12 − 4𝑎2
2

(4.29)

Given the results in Equations (4.29), 𝑔1 and 𝑔2 are calculated using Equations (4.15c) and
(4.15d) to give:

𝑔1 =

𝑏2 − 𝛼1 𝑏1
,
𝛼2 − 𝛼1

𝑔2 =

𝑏2 − 𝛼2 𝑏1
𝛼1 − 𝛼2

(4.30)

Step VII
Given the estimated linear stiffness parameters 𝑘𝐿,𝑙 , and the settling points 𝑥0,𝑙 , Equation
(4.12) is used to estimate the nonlinear elastic coefficients 𝑲 = {𝐾1 , 𝐾2 , 𝐾3 , 𝐾4 , 𝐾5 }𝑇 :
1
1
1
1
[1

2𝑥𝑜,1
2𝑥𝑜,2
2𝑥𝑜,3
2𝑥𝑜,4
2𝑥𝑜,5

2
3𝑥𝑜,1
2
3𝑥𝑜,2
2
3𝑥𝑜,3
2
3𝑥𝑜,4
2
3𝑥𝑜,5

3
4𝑥𝑜,1
3
4𝑥𝑜,2
3
4𝑥𝑜,3
3
4𝑥𝑜,4
3
4𝑥𝑜,5

4
5𝑥𝑜,1
𝑘𝐿,1
4
5𝑥𝑜,2
𝑘𝐿,2
4
5𝑥𝑜,3 𝑲 = 𝑘𝐿,3 ,
4
𝑘𝐿,4
5𝑥𝑜,4
4
[𝑘𝐿,5 ]
5𝑥𝑜,5
]

(4.31)

This set of 5 equations is solved to yield estimates of 𝐾1 , 𝐾2 , 𝐾3 , 𝐾4 , and 𝐾5 .
4.4.1 Verification of the Parameter Estimation Technique
Equation (4.7) is solved numerically for five different riding masses, 𝑚 = 0.5, 1, 1.5, 2, 2.5
kg. The system parameters used to generate the responses were estimated before by fitting
the foam model given in Equation (4.9), without the inertia term and the viscous damping
term, to quasi-static compression test data. The quasi-static compression test was
conducted on the same type of foam used in this research [6], these values are shown in
Table 4.1. Equation (4.10) was used to determine the settling point for each riding
masses 𝑚𝑙 . The initial conditions used in the simulation are: 𝑥(0) = 𝑥0 and 𝑥̇ (0) =
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0.05 𝑚/𝑠. These values were selected so that the system behavior is close to being linear
around the settling point.
The simulated transient responses were used to estimate the system parameters using Steps
I-VII described above and the identified global model were used to generate the transient
responses using the same initial conditions and for 5 riding masses. The simulated response
and corresponding predicted response for the case when 𝑚=2.5 kg, are shown in Figure
4.15. The estimated parameters are also given in Table 4.1.
The estimated parameters are very close to the values used in the simulation. The maximum
error occurs in the estimation of 𝑎2 with error close to 2.4% compared to the prescribed
value of 𝑎2 . This can be explained noting that although the initial conditions are chosen so
that the response remains close to linear, there are still some nonlinear effects present.
Therefore, the inherent assumption the system response is linear and Equation (4.11)
describes the system response is not completely valid. However, it can be shown that if
Equation (4.11) is used to simulate the transient responses, the estimated parameters are
close to true values as long as there is no noise added to the simulated response.

In order to investigate the robustness of the parameter estimation technique to disturbances
in the experimental response, zero mean white Gaussian noise was added to the simulated
responses. The variance of the noise was chosen so that the average signal to noise ratio
over the 3 seconds of the simulation is 50 dB. This produced noise levels similar to those
observed in the experimental data shown in Figure 4.7. Fifty realizations of noise were
added to each response and the parameters were estimated using each of the 50 noisy data
sets following steps I-VII.
The mean and standard deviation of the parameter estimates from the 50 noisy data sets
are shown in Table 4.2. The bias (difference between average of the estimated values and
the true value) is highest for the 𝑎2 term and is also high for the 𝑏1 and 𝑏2 terms. Similarly
the highest variance of the parameter estimates are for these parameters 𝑎2 and 𝑏1 , the
standard deviation of the estimates is at 2.68% and 3.83% respectively. Similar to the
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former case, the simulated responses are nonlinear and that introduces some errors in the
estimated parameters. The higher levels of error in this case can also be explained by noting
that during the estimation process Equations (4.25d) and (4.25b), which were used to
estimate 𝑎2 and 𝑏1 , often lead to ill-conditioned matrices. Therefore any disturbances in
the response, which in turn causes errors in Prony series coefficient estimates, may become
significant in the final 𝑎2 and 𝑏1 estimates. This can be clearly observed when comparing
the true and estimated parameters reported in Tables 4.1. and 4.2. where the large errors in
the latter was caused by the Gaussian noise added to the simulated responses.

Figure 4.14. Simulated response using the parameters given in Table 4.1 (blue) when m =
2.5 kg and the response predicted using the estimated parameters (red).
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Figure 4.15. Simulated response using the parameters given in Table 4.2 (blue) when m =
2.5 kg and the response predicted using the estimated parameters (red).
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Table 4.1. Parameters used in foam-mass system impulse test simulations and the estimated
parameters.
Parameter

Input Parameters

Estimated

Error (%)

Parameters
𝑐 (N.s/m)

10.00

10.00

0.02%

𝑎1 (1/s)

20.00

19.99

0.05%

𝑎2 (1/s2)

8200.00

8396.50

2.39%

𝑏1 (N/m)

-6.00

-5.90

1.66%

𝑏2 (N/m.s)

840.0

840.09

0.11%

𝑔1 (1/s)

-3+5i

-2.95+4.94i

1.3%

𝑔2 (N/m)

-3-5i

-2.95-4.94i

1.3%

𝛼1 (1/s)

10+90i

9.99+91.08i

0.08%

𝛼2 (1/s)

10-90i

9.99-91.08i

0.08%

𝐾1 (N/m)

3.306×103

3.306×103

0.01%

𝐾2 (N/m2)

-2.697×105

-2.697×103

0.02%

𝐾3 (N/m3)

1.097×107

1.098×107

0.16%

𝐾4 (N/m4)

-2.116×108

-2.120×108

0.20%

𝐾5 (N/m5)

1.608×109

1.609×109

0.10%
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Table 4.2. Results of the parameter estimation from 50 noisy simulations (signal to noise
ratio = 50 dB).
Parameters

Estimated Parameters:

Bias

Std.

Average  Standard

(%)

Dev.(%)

Deviation
𝑐 (N.s/m)

10.00

10.05 0.06

0.50%

0.60%

𝑎1 (1/s)

20.00

19.98 0.03

0.10%

0.15%

𝑎2 (1/s2)

8200.00

8460.21 220.00

3.17%

2.68%

𝑏1 (N/m)

-6.00

-5.88 0.23

2.00%

3.83%

𝑏2 (N/m.s)

840.0

850.59 12.11

1.26%

1.44%

𝑔1 (1/s)

-3+5i

-2.94+4.97i

0.19%

2.59%

0.19%

2.59%

0.08%

1.33%

0.08%

1.33%

-0.07+0.13
𝑔2 (N/m)

-3-5i

-2.94-4.97i
-0.07-0.13

𝛼1 (1/s)

10+90i

9.99+91.43i
0.13+1.22i

𝛼2 (1/s)

10-90i

9.99-91.43i
0.13-1.22i

𝐾1 (N/m)

3.306×103

3.310×103 5.11

0.12%

0.15%

𝐾2 (N/m2)

-2.697×105

-2.690×105 745.22

0.26%

0.27%

𝐾3 (N/m3)

1.097×107

1.098×107 9985.20

0.17%

0.10%

𝐾4 (N/m4)

-2.116×108

-2.110×108 20200.36

0.28%

0.10%

𝐾5 (N/m5)

1.608×109

1.598×109 2865502.30

0.62%

0.18%
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4.5 Experimental Results

Impulse tests were conducted on the foam-mass system shown in Figure 4.1 for 5 different
riding masses: 1.42, 1.71, 1.93, 2.6, and 3.34 kg. The static settling points were measured
and are shown in Figure 4.9 together with the quasi-static response of the same foam block
to a slow (2.53min) compression test.
For each riding masses 𝑚𝑙 , a high order Prony series with 𝐽 > 10 (order 270 was used to
be consistent and the contributing poles were picked by using the energy method.) is fitted
to the experimental data and then the four terms that contribute the highest energy levels
to the free response over the first 0.5 seconds of the signal are chosen. This led to
identifying four 𝑝𝑙,𝑗 for each riding mass, or settling point. The estimated values were used
to identify the global model parameters using the parameter estimation procedure explained
above. The estimated global model is used to reconstruct the system response. The
measured experimental responses and the predicted responses using the estimated global
model with 𝑁 = 5 and 𝑀 = 2, are shown in Figure 4.16.
It is shown in Figure 4.16 that the estimated responses are in agreement with the
experimental data after the first cycle when the oscillation amplitude is small. Also, the
oscillation frequencies are in good agreement. However, the predicted responses and the
experimental data are different in the first cycle of the response where the amplitude is
large and nonlinearity is playing a role in the experimental response. The hardening
nonlinearity is especially noticeable in the second half of the responses shown in Figures.
4.16 (a), (b), (d).
As pointed out in the previous section, any nonlinearity in the response adversely affected
the estimates. This was mainly due to the assumption we made during the development of
the parameter estimation method. Achieving a linear response may be possible by adjusting
the impulse hammer as explained in the introduction of this chapter. However, it can be
observed that although the input force was kept small, the system response is still
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sometimes nonlinear. Therefore, the errors observed in Figure 4.16 were partially due to
this nonlinear behavior.
It should also be pointed out that the global model developed in this research was limited
to having 2 viscoelastic terms. However, in previous studies, where a comprehensive model
was developed to describe the quasi-static behavior of polyurethane foam under different
compression rates, it was shown that higher viscoelastic models are required to develop a
comprehensive model [6]. Similarly in the same model it was observed that a higher order
polynomial, 10th order polynomial, was required to describe the elastic behavior of foam.
In this study the elastic component in Equation (4.10) was described by a 5th order
polynomial. Estimating higher order polynomials requires more experimental data, with
different riding masses. Especially, in order for the global model to cover the entire range
of the nonlinear foam behavior, more tests can be conducted for different settling points
which cover a wider compression region. Therefore, it is possible that by increasing the
number of viscoelastic terms and including higher order polynomials in the model, better
estimates are achieved. Also, in this study, the friction effect which exists in the
experimental setup was not included in the model.
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(a)

(b)

(c)

(d)

(e)

Figure 4.16. Experimental acceleration response (blue) and predicted response from the
global model (red) for different riding mass values. (a) M = 1.42kg, (b) M = 1.71kg, (c) M
= 1.93kg, (d) M = 2.29kg and (e) M = 3.34kg.
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4.6 Summary and Conclusions

A global model of the foam behavior from data gathered in a series of impulse tests at
different settling points was developed and presented. The elastic term in the model was
represented by a fifth order polynomial and the viscoelastic term was a convolution of a
two term relaxation kernel and strain rate. A global model parameter estimation procedure
was developed which uses data from an impulse test conducted on a single-degree-offreedom foam-mass system at various compression. In the first step of the estimation
procedures, the nonlinear model was replaced by its local linear equivalent. Then the linear
model parameters were estimated using the transient free - response data. Finally the global
model parameters were identified using the estimated linear model parameters and by using
the relationship between the local and global model parameters.
Monte-Carlo simulations were performed to examine the performance of the estimation
method when simulated data response was corrupted with noise at levels similar to those
observed in experiments. This was accomplished by simulating impulse responses using a
global with foam model parameters estimated from previously conducted quasi-static tests,
adding noise to this response and then estimating the parameters using the developed
procedures and the simulated responses. The maximum error in the estimates was found to
be 2.4% when no noise was added and this was attributed to nonlinear behavior still playing
a role in the low amplitude impulse test response data. When noise was added to simulated
response the maximum parameter estimate errors for the 100 realizations were less than
3.83% of their original value. The errors were largest for the viscoelastic parameters.
The parameter estimation technique was then applied to experimental data obtained from
conducting impulse tests on a single-degree-of-freedom foam-mass system for 5 riding
masses. Then the global foam model was estimated using the transient response data and
the developed parameter estimation technique. It was observed that the estimated global
model gave a reasonable fit to the experimental data especially after the first cycle where
the response is approximately linear. However, it was observed that the global model
predictions were not in good agreement with the experimental results in the first cycle of
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oscillations nor sometimes at the end of the free response. There are three possible reasons
for this: (i) that the experimental response was not linear following the impulsive
excitation, linearity was an inherent assumption in the global model parameter estimation
procedure; (ii) dry friction effects in the experimental rig were not taken into account in
the modeling [7,8] both found that models could be improved by incorporating dry friction
effects into their transient response models); and (iii) the number of viscoelastic terms in
the model may be too low.
The results from this global model estimation were encouraging because the estimated
model could be used to predict the experimental response at five different settling points
reasonably well, even though it is known that the elastic model and the viscoelastic model
both should be higher order. Thus, improvements to this model can be done by including
impulse data using lower riding masses and increasing the model order of elastic and
viscoelastic parts.
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CHAPTER 5. PERIODIC RESPONSE OF FOAM-MASS SYSTEM:
EXPERIMENTAL RESULTS

In this chapter, the behavior of a single-degree-of-freedom foam-mass system subjected to
harmonic base excitation is described. The experimental setup of the single-degree-offreedom foam-mass system is similar to the one used in the impulse test setup described in
Chapter 4. Experimental procedure to obtain the frequency response curves of the foammass system at various mean compression levels is explained. Also, the protocols that were
followed to get repeatable results are highlighted in this chapter.
5.1 Experimental Setup

A hydraulic shaker was used to impart harmonic base excitation to the foam-mass system.
The fixture of the foam-mass system was mounted on the shaker table, as shown in Figure
5.1.The fixture used in the experiment was fabricated by previous researchers, and
drawings of the fixture can be found in [9]. The fixture was designed to constrain the
motion of the mass riding on foam block to a single axis. The fixture also has provision to
attach different loads to attain various levels of compression in the foam. A detailed
description of the fixture and foam-mass system was given in Chapter 4. The input
excitation and the response are designated by displacements x(t) and y(t), respectively, and
z(t) indicates the compression in the foam. This test is different from the cyclic compression
test discussed in Chapter 3, where the foam is subjected to a force such that a constant
strain rate is maintained and the corresponding displacement is recorded. In the present
setup, the steady state compression is provided by the top plate of the fixture (and dead
loads added to it). This system, which is subjected to base excitation, thus becomes a massloaded oscillator. This setup is analogous to the actual application of car seats where the
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passenger loads the foam and the road conditions provide the base excitation to the foam
through the seat frame about mean compression level. Thus, the evaluation of the foammass system’s behavior subject to base excitation can be extended and applied to model
seat-occupant systems (for foams that use the same chemical composition) as this
experiment is independent of the seat geometry and is only dependent on the type of foam
being tested.

Figure 5.1. Experimental setup for hydraulic shaker testing.

5.1.1 Instrumentation and Data Acquisition
Experimental results from the impulse testing on the foam-mass system indicated the
natural frequency of the system for varying riding masses to be in the range of 4 – 6 Hz. In
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order to get a clear trend of the frequency responses to harmonic excitation, a number of
frequency points on either side of the natural frequency had to be evaluated. Thus, the range
of frequencies being evaluated was fixed to be from 2Hz to 10Hz after ensuring that a
pressure of 20 psi in the airbags of the hydraulic shaker did not cause the hydraulic shaker
to resonate at an input frequency as low as 2Hz. The frequency resolution used was higher
near the resonance and lower for frequencies far away from the resonant frequency.
The hydraulic shaker which was used to provide the base excitation to the foam-mass
system had a displacement span of +/- 2 inches and also an inbuilt MTS 458.90 type
function generator that was capable of generating various input wave forms like triangular,
sinusoidal etc. Figure 5.3 shows the function generator and also that there was a provision
to connect an external function generator. In this work, the amplitude and the phase of
motion of the foam-mass system was recorded by varying the base excitation frequency
maintaining a constant input acceleration. The input acceleration was kept constant by
finely adjusting the span of the hydraulic shaker at each frequency. The input g level of the
base excitation is kept constant across all frequencies with the goal of evaluating the
dynamic nonlinear and viscoelastic properties of foam. Efforts were made to ensure that
the dynamic steady state response of the mass of the foam block is accurately measured.
The foam-mass system was bolted to the hydraulic shaker table which was actuated by
MTS model 458.10 actuator. The console of MTS model 458.10 actuator is shown in
Figure 5.2. Four PCB 3741B1210G type accelerometers conditioned by the PCB signal
conditioner model 482C27 were used to acquire the input and response accelerations. Two
accelerometers were placed on the shaker table and the other two were placed on the top
plate of the foam-mass system, as shown in Figure 5.1. All the four acquisitions were
passed through anti-aliasing filter Wavetek Model 852 with a cutoff frequency of 128Hz.
The signals were then sampled using a National Instruments Data Acquisition Card at a
rate of 4096 samples/second. As the frequencies being evaluated were from 2Hz to 10Hz,
it was found to be advantageous to pass the sampled signals through a 5th order digital
Butterworth low pass filter with a cut off frequency 64Hz. The amplitude and phase
response curves were generated for four different base excitation levels viz. 0.1g, 0.15g,
0.2g and 0.25g and at various mean compression levels of the foam.
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Figure 5.2. MTS model 458.10 actuator used to actuate the hydraulic shaker.

Figure 5.3. MTS model 458.90 function generator used to adjust the input function and
frequency.
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5.1.2 Measurement Protocol
In order to ensure that the measurements were consistent and repeatable, following
protocols were followed:
1. First, a particular frequency and span were set where the amplitude and response
were to be recorded. The response of the foam-mass system to base excitation was
monitored continuously using a LabVIEW program. Once, the response appeared
to have visually reached the dynamic steady state, a 20 second window of input and
response signals were captured. Also, as discussed in [9], three consecutive
measurements of 20 seconds each were recorded and it was verified that there were
no systematic increase or decrease of magnitude or phase between the three
measurements to conclude that the system has reached dynamic steady state. After
obtaining the response at one frequency, the input excitation was slowly increased
to next frequency and the same procedure was followed to record data at that
frequency. These steps were followed to record response at each of the frequency
points. It was observed that the time to attain the dynamic steady state varied from
3 minutes at regions away from resonant frequency to about 30 minutes near the
resonant frequency. The result of these experiments was a plot of response
amplitude and phase change as a function of the excitation frequency at a constant
input excitation amplitude.
2. The measurements were done by increasing the frequency from 2Hz to 10Hz in
steps of 0.5 Hz in region away from resonance and in steps of 0.25Hz near
resonance. The same procedure was repeated and measurements were taken by also
reducing the frequency from 10Hz to 2Hz following the same protocol (the
decreasing frequency step was not done for 0.1g input because the response was
found to be same as observed while increasing the frequency as shown in Figure
5.4). The measured responses were seen to depend on the direction of variation of
the frequency. The exercise of increasing the frequency from 2Hz to 10Hz and then
stepping it down to 2Hz was done because regions of multiple stable solutions, a
clear indicator of nonlinear behavior, were expected. The results are shown later in
the chapter.
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3. The protocol followed to ensure that the foam-mass system has achieved the mean
compression level was to load the foam for 48 hours before the dynamic test. After
48 hours, the foam-mass system was excited by base motion at a frequency of 10Hz
for 3 hours. After the static loading and the excitation for 3 hours, the foam was
checked and ensured to have reached the steady state mean compression level. The
steady state condition was ensured by comparing the response amplitudes of three
consecutive 5 second measurements. If the amplitude change was less than 5%
between the three consecutive measurements, it was assumed to have reached
steady state. Once the steady state mean compression level was reached, the
amplitude and phase responses of the foam-mass system for four different input
excitation levels viz. 0.1g, 0.15g, 0.2g and 0.25g were measured successively. The
entire measurement took about 23 hours. After completing the measurements, the
unloaded foam was left for 5 days to recover before testing at the next compression
level. This protocol was followed for all the tests to ensure repeatability.

Figure 5.4. Amplitude response of the foam-mass system at 0.1g input amplitude
evaluated at 18% compression level, for increasing frequency steps (green) and
decreasing frequency steps (red).
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5.1.3 Experimental Procedure
The hydraulic shaker controlled by MTS model 458.10 actuator was used to apply base
excitation to the foam-mass fixture. The step by step procedure for conducting the
experiment is explained below:
1. The foam-mass system is fastened to the shaker table and two accelerometers are
attached to the top plate and the bottom plate of the fixture to record the input
excitation and motion of the riding mass (response).
2. The air bags on which the hydraulic shaker stands are inflated to a pressure of 20
psi. This pressure value was chosen taking into consideration the excitation
frequency, so that we don’t get into the natural frequency of the shaker system while
evaluating the responses of the foam-mass system to base excitation.
3. The step by step checklist is followed to check all the settings, start the pump and
get the hydraulic shaker warmed up. Once the shaker is warmed up and operational,
it is always ensured that the span of the shaker is at zero before increasing the
frequency.
4. The signal generator is used to select the type of base excitation to be provided to
the foam-mass system. Once the signal type is selected, the frequency and the span
are set. Care was taken that the span was increased slowly.
5. The frequency response curves are generated by starting at one end of the frequency
range of interest, 2Hz to 10Hz, and by incrementing the frequency in steps of 0.5Hz
away from the resonant frequency of the foam-mass system and 0.1Hz near the
resonant frequency. The span was adjusted for each frequency in order to keep the
excitation amplitude constant.
6. The measurements were done by increasing the excitation frequency from 2Hz to
10Hz and then by decreasing from 10Hz to 2Hz (except 0.1g input in which case
response was measured in only one direction, by increasing the frequency). At each
of the input frequencies the foam-mass system is allowed to attain steady state by
checking the response amplitude and then data is acquired using a LabVIEW
program.
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7. The same steps were repeated for different input excitations. The different
amplitudes of input excitations that were used to generate the frequency response
curves of the foam-mass system were 0.1g, 0.15g, 0.2g and 0.25g.
Thus, the measurement technique that was followed to obtain the frequency response curve
of the foam-mass system consisted of evaluating the response at discrete frequencies in
steps defined above. At each frequency, the system was excited till it reaches a steady state
after changing the frequency from the previous setting. The steady state condition was
ensured by comparing the response amplitudes of three consecutive 5 second
measurements. If the amplitude change was less than 5% between the three consecutive
measurements, it was assumed to have reached steady state and final response was
measured in that setting.
5.2 Experimental Results

The experimental frequency response curves that acquired at five different settling points
of the foam-mass system are presented below. The compression levels chosen were the
same for which impulse tests were conducted and are distributed across the non-linear
elastic curve for foam as shown in Figure 5.5. The figure shows the elastic curve generated
using the constitutive model with parameters identified from the compression test
superimposed with the measured settling points at which the experiments were conducted.
At each of these compression levels, the response was evaluated at four different input
acceleration levels: 0.1g, 0.15g, 0.2g and 0.25g. Except for 0.1 g input amplitude, the
response was measured at discrete frequencies by both increasing and decreasing the
frequency. Figures 5.6 to 5.10 shows measured response during both increasing and
decreasing frequency steps.
The measured amplitude and phase responses of the foam-mass system at different
compression levels are shown in Figures 5.11 to 5.15. The results shown in Figures 5.11 to
5.15 were obtained by combining the measurement results during both increasing and
decreasing frequency steps. At each of the compression level, the effect of input amplitude
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was significant. The resonant frequency was found to be decreasing with increase in the
input amplitude. It was also observed that the amplitude of the peak response was
increasing with increase in the input amplitude. In Figures 5.6 and 5.7, it was observed that
after the initial softening behavior at lower input amplitudes of 0.1g and 0.15g, the behavior
became hardening at higher input amplitudes.

Figure 5.5. Force vs Strain curve (red) obtained from identified foam constitutive model
based on compression test, superimposed with measured static settling points (blue) of the
foam-mass system at various loads (riding masses) used for base excitation test.
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Figure 5.6. Amplitude response of the foam-mass system (for both increasing and
decreasing frequency steps) at different input amplitudes evaluated at 18% compression
level.

Figure 5.7. Amplitude response of the foam-mass system (for both increasing and
decreasing frequency steps) at different input amplitudes evaluated at 38% compression
level.
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Figure 5.8. Amplitude response of the foam-mass system (for both increasing and
decreasing frequency steps) at different input amplitudes evaluated at 47% compression
level.

Figure 5.9. Amplitude response of the foam-mass system (for both increasing and
decreasing frequency steps) at different input amplitudes evaluated at 57% compression
level.
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Figure 5.10. Amplitude response of the foam-mass system (for both increasing and
decreasing frequency steps) at different input amplitudes evaluated at 64% compression
level.
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Figure 5.11. Amplitude and phase response of the foam-mass system at different input
amplitudes evaluated at 18% compression level.
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Figure 5.12. Amplitude and phase response of the foam-mass system at different input
amplitudes evaluated at 38% compression level.
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Figure 5.13. Amplitude and phase response of the foam-mass system at different input
amplitudes evaluated at 47% compression level.

102

Figure 5.14. Amplitude and phase response of the foam-mass system at different input
amplitudes evaluated at 57% compression level.
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Figure 5.15. Amplitude and phase response of the foam-mass system at different input
amplitudes evaluated at 64% compression level.
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5.3 Summary and Conclusions

Experimental evaluation of the response of the foam-mass system subjected to harmonic
base excitation was discussed and the results were presented. The procedure for
experimental data acquisition and also the protocol for achieving repeatable results were
also explained. The experimental data acquisition completed the planned data acquisition
for foam modeling under three different test conditions viz. uniaxial compression test,
impulse test and harmonic excitation test, all of the tests being performed on the same foam
sample. The experimental data from the harmonic excitation test can be used in future
studies to compare with model simulation results, thus allowing one to understand the
model in a better way. Also, the data can be used in identifying foam model parameters as
was explained by White [9], in his thesis. Having conducted all three type of experiments
on the same foam sample, the data can help eliminate the sample to sample variation and
help develop a global model that can model foam under a wide range of loading conditions.

105

CHAPTER 6. IMPULSE AND BASE EXCITATION RESPONSE OF CONFORTM
FOAM-MASS SYSTEM: EXPERIMENTAL RESULTS

In this chapter, experimental results of impulse response and periodic response of a system
incorporating CONFORTM foam as an element in a single-degree-of-freedom foam-mass
system are presented. Also, the procedure and protocol followed for experimental data
acquisition is described are this chapter. CONFORTM is a new foam series developed by
E-A-R, has very high energy absorption characteristics which enables them to absorb up
to 97 percent of an impact. These urethane foams with trademark chemical compositions
find use in electromechanical gadgets and devices, helmets etc. mainly for their energy
absorption property.
6.1 Impulse Test

The experimental setup of impulse test consisted of the foam-mass system, with the same
fixture that was used for evaluation of impulse response of polyurethane foams, already
described in Chapter 4. The impulse responses were acquired for four different types of
CONFORTM foam samples, each of which had different stiffness as well as energy
absorption characteristics. The foam samples were distinguished by different colors which
in the order of increasing stiffness were yellow, pink, blue and green.
The experiments were performed on a 3 inch cube foam sample, with thin aluminum plates
glued to two opposite faces of the foam. The aluminum plates glued on the foam had
threaded holes to firmly hold the foam between the dead load or riding mass and the base
of the fixture.
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6.1.1 Experimental Setup and Test Protocol
The foam sample is fastened to the test fixture and a dead load is used to help achieve
different compression levels of settling points of the foam. An electric impulse hammer,
model 086C09 manufactured by PCB Piezotronics, with a soft tip (084C11) was used to
impart impulse on the foam-mass system. The input force was measured using a PCB
208M51 force transducer. The impulse hammer was mounted on a post which was
adjustable in the Z axis (or vertical) direction. Adjustment in the Z direction helps in
controlling the amplitude of the input force. The foam-mass system was placed on an easily
adjustable x-y table to ensure that the generated impulse consistently hits the area around
the center of the top plate, thus minimizing the rocking effect of the top plate. Four
accelerometers were used on the top plate to capture the impulse response of the foammass system. The x-y table was adjusted to get an impact point where the four
accelerometer responses were found to be very close to each other. In such a case, the
average of four accelerometer measurements was used to eliminate the effect of rocking
motion of the top plate from the measured data and the average response was used in
subsequent data processing. The four accelerometer acquisitions and the input force
transducer signals were passed through Wavetek Model 852, an analog 48 dB/Octave
antialiasing filter with a cut off frequency of 512Hz. The signals were then sampled using
a National Instruments Data Acquisition Card at a rate of 4096 samples/second. After
inspection of the signals’ temporal and spectral characteristics and initial attempts to model
the free responses, it was found to be advantageous to pass the sampled signals through a
5th order digital Butterworth low pass filter with a cut off frequency 128Hz. Considering
the entire range of stiffness’s of the four different types of foams to be used for impulse
testing, it was found that a duration of 24 hours between loading the foam and performing
impulse test gave repeatable results. Also, after the test, the foam was unloaded and allowed
to relax for 24 hours (allowing the foam to recover to its initial height) before performing
next test at a different settling point.
6.1.2 Experimental Data
The experimental results for impulse tests performed on the blue foam are shown in Figures
6.1 to 6.3 and the results for the yellow foam are shown in Figures 6.4 to 6.6. After fine
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adjustments of the x-y table, the response of all the four accelerometers was seen to be very
close to each other. There is a finite contact time between the impulse hammer and the top
mass of the foam-mass system (see Figures 6.1 and 6.4). So, the transient or the free
response of the foam-mass system was defined to be the component of response after the
end of contact with the hammer (see Figures 6.2 and 6.5). The average of the free responses
measured by all the four accelerometers was also calculated. All the data presented in
Figures 6.1 to 6.9 are after passing through antialiasing filter of cut off frequency 512Hz
and the digital low pass filter of cut off frequency 128Hz. The results of impulse tests
clearly confirm the energy absorption characteristic of CONFORTM, which is the main
design intent of the CONFORTM foams.

Figure 6.1. Signals measured in voltage, during an impulse test of foam-mass system with
blue CONFORTM foam loaded with a 1.934 kg mass. Input force (purple) and Response
acceleration (black, red, green, blue) are the measured signals.
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Figure 6.2. Experimental free response of the foam-mass system incorporating blue
CONFORTM foam, loaded with a 1.934 kg mass.

109

Figure 6.3. Average of the four accelerometer measurements taken on the top plate of the
foam-mass system containing blue CONFORTM foam, loaded with a 1.934 kg mass.

6.1.3 Effect of Settling Point on Impulse Response of CONFORTM Foams
The effect of settling point on the impulse response of CONFORTM foam can be explained
using the impulse response obtained at two different settling points on the yellow
CONFORTM foam. The results shown in Figures 6.4 to 6.6 were obtained from impulse
response of foam-mass system subjected to a mass of 2.09Kg, whereas the results in
Figures 6.7 to 6.9 were obtained by subjecting the foam-mass system to a mass of 3.33Kg.
Thus, the observation was that the response amplitude was higher when the mass loaded
on the fixture was higher i.e. at higher compression of foam. This shows that higher the
compression of the foam, stiffer is the system which is in line with the design intent of
CONFORTM foams. Although the results obtained from yellow foams are presented as an
example, similar trend was observed in all the four different formulations of CONFOR TM
foams. The results also showed that the response is highly dampened and the tests were
able to produce only one oscillation irrespective of the foam stiffness and the settling point
(dead load). Thus, the acquired impulse response data was not helpful to identify an
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approximate value of the resonant frequency. In order to confirm the theory, experimental
data was fit to Prony series to identify the frequency of the major contributing term.
Subsequently, the foam-mass system was loaded on the hydraulic shaker and the region
encompassing the identified frequency was evaluated. The results from harmonic base
excitation of the system on the hydraulic shaker did not indicate any resonance around the
frequency identified from impulse response data. Thus, the CONFORTM foams were tested
on a TIRA shaker to experimentally acquire its response to periodic excitation. Also, the
results from the shaker testing should be used for further analysis and model development
as the impulse response data could not be used for analytical modeling.

Figure 6.4. Signals measured in voltage, during an impulse test of foam-mass system with
yellow CONFORTM foam loaded with a 2.09 kg mass. Input force (purple) and Response
acceleration (black, red, green, blue) are the measured signals.
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Figure 6.5. Experimental free response of the foam-mass system containing yellow
CONFORTM foam, loaded with a 2.09 kg mass.

Figure 6.6. Average of the four accelerometer measurements taken on the top plate of the
foam-mass system containing yellow CONFORTM foam, loaded with a 2.09 kg mass.
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Figure 6.7. Signals measured in voltage, during an impulse test for the foam-mass system
with yellow CONFORTM foam loaded with a 3.33 kg mass. Input force (purple) and
Response acceleration (black, red, green, blue) are the measured signals.
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Figure 6.8. Experimental free response of the foam-mass system containing yellow
CONFORTM foam, loaded with a 3.33 kg mass.

Figure 6.9. Average of the four accelerometer measurements taken on the top plate of the
foam-mass system containing yellow CONFORTM, loaded with a 3.33 kg mass.
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6.2 Base Excitation

The experimental setup of base excitation tests consisted of the foam-mass system, with a
similar fixture to the design used for evaluation of base-excited response of polyurethane
foams, described in Chapter 5. The periodic responses were acquired for four different
types of CONFORTM foam samples, each of which had different stiffness and energy
absorption characteristics. The foams were color coded, which in the order of increasing
stiffness were yellow, pink, blue and green. The tests were initially done in the hydraulic
shaker used for polyurethane foam, described in Chapter 5. Unlike seating foams, foammass systems with CONFORTM exhibited much higher frequency components. Evaluating
them by stepping through discrete frequency steps did not produce encouraging results for
the CONFORTM foams. So, the experiments were done on a TIRA (electromagnetic)
shaker, where the foam-mass system was subjected to a constant input excitation and the
frequency was swept from 10Hz to 10Hz for increasing frequency case, and then from
100Hz to 10Hz for decreasing frequency case. Also, there were some minor adjustments in
the frequency range based on the type of each CONFORTM foam, based on the calculations
from the mass of the setup.
6.2.1 Experimental Setup and Test Protocol
The experiments were performed on a 3 inch cube foam sample, with thin aluminum plates
glued to two opposite faces of the foam. The aluminum plates glued on the foam had
threaded holes to firmly hold the foam between the dead load and the base of the fixture.
The foam samples were loaded for a day and then assembled on the TIRA shaker for
acquiring response of the foam-mass system to base excitation. After the experiment, the
samples were unloaded and were given a day to completely recover. The duration of a day
for loading and relaxation were arrived from the impulse test results which showed
repeatable results when the CONFORTM foams were loaded for one day. The foam-mass
system was subjected to various input excitation amplitudes of 2g, 5g and 10g. The
response was captured by four accelerometers mounted on the top plate of the foam-mass
system. The input signal was captured by two accelerometers placed on the shaker table.
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LabVIEW was used to acquire the input and response signals. The sampling frequency was
set at 2048Hz.
6.2.2 Experimental Data
Experimental result for base excitation test of blue foam is shown in Figure 6.11 and the
results of pink foam are shown in Figure 6.12. All the data presented in Figures 6.10 to
6.13 were obtained after filtering the response from the accelerometers using an
antialiasing filter of cut off frequency 512Hz. The results of the base excitation tests
compared to base excitation tests on polyurethane foam, clearly confirm the energy
absorption characteristic of CONFORTM, which is the main design intent of the
CONFORTM foams. As indicated, the tests were conducted at three different excitation
amplitudes of 2g, 5g and 10g.
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(a)

(b)
Figure 6.10. Profile of input excitation measured in g applied to the foam-mass system of
CONFORTM foams of four different types. Example shows an input excitation of 2g. (a)
Shows the input excitation profile while ramping up the frequency, and (b) shows the input
excitation profile while ramping down the frequency.
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(a)

(b)
Figure 6.11. Response acceleration in g obtained by subjecting the foam-mass system (with
a 1.54kg mass) incorporating a blue CONFORTM foam to a base excitation of 2g. (a)
Response during ramping up of frequency, and (b) Response during ramp down of
frequency.
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(a)

(b)
Figure 6.12. Response acceleration in g obtained by subjecting the foam-mass system (with
a 1.54kg mass) incorporating a pink CONFORTM foam to a base excitation of 2 g. (a)
Response during ramping up of the frequency, and (b) Response during ramp down of
frequency.
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6.3 Summary and Conclusions
Experimental evaluation of the response of a foam-mass system incorporating CONFORTM
foams, subjected to impulsive and harmonic base excitation was discussed and the
experimental data were presented. The procedure for experimental data acquisition and
also the protocol for achieving repeatable results were also explained. The experimental
data from the impulse and harmonic excitation test can be used in future studies to develop
model structures for CONFORTM foams, and in identifying foam model parameters.
Having conducted both impulse and base excitation experiments on same sample of all the
four types of CONFORTM foams (Blue, Green, Yellow and Pink), sample to sample
variation can be eliminated and the data set can help develop a global model that can model
CONFORTM under large variety of loading conditions and compression levels (settling
points for the foam-mass system).
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CHAPTER 7. SUMMARY, CONCLUSION AND SCOPE FOR FUTURE WORK

7.1 Summary

The main objective of this research was to conduct uniaxial compression test on a
polyurethane foam and use the same foam sample to build a foam-mass system and obtain
the impulse and base excitation response of the foam-mass system. The set of experiments
consisting of uniaxial compression tests on polyurethane foam blocks, impulse tests and
base excitation tests on a foam-mass system were all part of continued effort of foam
modeling done by the foam research group at Purdue. Experimental protocols defined by
previous researchers were used and some modifications were adopted as a part of the work
reported in this thesis. Experimental setup and protocols for pre-processing of data were
defined, specific for each of the experiments. A second objective was to conduct similar
impulse and base excitation experiments on a foam-mass system consisting of CONFORTM
foams which have different viscoelastic properties to the polyurethane foam previous
tested. Protocols for the experimental setup and pre-processing of data were established to
achieve repeatability and consistent results when conducting several experiments on the
same foam sample. The behavior of four different CONFORTM foams were examined.
Apart from experiments conducted on polyurethane and CONFORTM foams, another
objective of the research was to understand the polyurethane foam models developed by
previous researchers. Minor improvements in the experimental data processing of uniaxial
compression data was done to achieve better estimates of the model parameters using the
model developed by Puri [6]. Singh [7] developed a linear model for a single-degree of
freedom foam-mass system subjected to an impulsive excitation. He used free response
data from impulse tests on a foam-mass system with different masses to identify models at
various pre-compression levels (settling points). The free response of the system was
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modeled as a Prony series (sum of exponentials) whose parameters can be related to the
parameters in the foam-mass system model. Models identified from tests at one settling
point performed poorly when used to predict the response at other settling points. The goal
of this research was to build on previous research to develop global nonlinear viscoelastic
models for the foam that can be used in models of systems incorporating foam to predict
settling points under constant loading and the dynamic responses around those settling
points when the system is subject to dynamic excitations.
Foam is an engineering material that exhibits both nonlinear and viscoelastic behavior.
Polyurethane foam behavior was predicted by using a model structure developed by Puri
[6]. Experimental stress-strain data and the model structure is used with the proposed
model structure to estimate the parameters. The experimental setup and data collected as a
part of this research, with minor changes to pre-processing of data to obtain better
estimates, were discussed (Chapter 3). The experimental setup for the impulse tests and the
experimental response of foam-mass system subjected to impulse excitation was presented.
A system identification method to estimate a global-models’ nonlinear elastic and
viscoelastic parameters from free response data was developed and discussed (Chapter 4).
Unlike previously developed models, this global foam model can be used to predict the
dynamic response under a wide range of different loading (different masses) conditions.
The experimental results of the foam-mass system subjected to base excitation was
presented (Chapter 5). The experimental setup and results of impulse excitation and base
excitation of a foam-mass system where the foam was a CONFORTM foam was presented
(Chapter 6).

7.2 Conclusion

The primary objective of obtaining comprehensive sets of experimental response data from
all the types of tests (compression, impulse and base excitation) on the same polyurethane
foam blocks was met. The additional objective of conducting impulse and base excitation
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tests on several CONFORTM foams was also met. Also, some pre-processing of
compression test data developed in this research resulted in better estimates of model
parameters, i.e., produced a better fit to data; this was also shown in Chapter 3.
Impulse tests were conducted on a polyurethane foam-mass system and parameters of local
linear models were estimated. Different masses were used to achieve different compression
levels. The global foam model included a nonlinear elastic term and a hereditary type
viscoelastic term as well as a viscous velocity proportional damping term. The nonlinear
model was linearized about a settling point, and this was used to establish the relationship
between the local linear model parameters and the global model parameters. Building on
the work of Singh [7] and Deng [6], the free responses around each settling point after an
impulsive excitation were modeled as Prony series. The Prony series parameters were used
to derive estimates of the parameters of the local linear dynamic models. The relationship
between the parameters of the local models around each of the settling points and the global
model parameters was used to derive estimates of the parameters of the global model. The
model can be made more robust by conducting the impulse tests at more settling points and
thus increasing the order of nonlinear elastic term.
7.3 Scope for Future Work

A lot of experimental data was collected as a part of this research, but modeling emphasis
was focused on using the free response data obtained from impulse excitation of a
polyurethane foam-mass system around different compression settling points to develop a
global model and parameter estimation technique. Further research is needed using base
excitation data and also using the experimental data obtained on CONFORTM foams.
Following are some suggestions for future work.
1. Conduct impulse test on the polyurethane foam-mass system at many more settling
points by varying the riding mass to obtain a higher order nonlinear elastic
component.
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2. With system identification methods developed using the compression data and
impulse test data on polyurethane foam, more emphasis can be given to developing
a system identification method using the base excitation data that was collected as
a part of this research. This would build on the work done by Deng [6] and Singh
[7].
3. At present only very preliminary investigations have been done towards the
modeling of CONFORTM foams. Experimental data that has been collected as a part
of this research can be very helpful in the development of models and parameter
estimation methods for those types of foams, and also for validation of any
CONFORTM models that are developed.
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Appendix A: MTS Machine Operation Guide

Start-up Procedure


Turn on the computer connected to the MTS machine and the hydraulic powerpack.



Immediately the power light will turn green and the service light will turn yellow.



Wait for the yellow service light to turn off and then release all the three emergency
stops that are available.



Once the emergency stops are released, start the MTS software by clicking the
station manager icon in the computer connected to the MTS machine.



Select the MPT (Multi-Purpose Test) option, which will give a user interface screen
as shown below in Figure A.1.



MPT option allows us to write a code for the cycle we would like to follow for the
compression test by controlling the time, distance to be moved by the actuator and
the sampling rate. Also, the default positive direction of the actuator is upward
direction, thus not allowing to do a compression like the way it was needed in this
case, thus the MPT was the option chosen for the uniaxial compression test of the
polyurethane foam.



In the MPT screen, click on the button with two lines opposite to HPS1. First it will
blink yellow and then the blinking will stop. After the blinking has stopped, click
on the button with 3 lines opposite to HPS1. Repeat the same procedure for the
buttons besides HSM1. The location of the buttons can be seen from the user
interface screen shown in Figure A.1.
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Figure A.1. MTS Machine Station Manger user interface .

The machine has three main station controls that have to be set for this uniaxial
polyurethane foam compression test. The controls are:
-

Limit Detectors

-

Manual Command

-

Signal Auto Offset

The user interface of all the three main station controls are shown in Figure A.2.
Limit Detectors


Limit detectors are used to detect the cut-off limit in either force or displacement
(the two sensor readings of the machine)



The values from these limit detectors are fed as the interlocks for the machine,
which stops when either of the interlocks are triggered.
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Manual Command


The manual command is used to trigger the actuator and move the arm of the MTS
machine by commanding values in inches.



Positive value will move the arm in upward direction and negative in downward
direction.



The manual command is used to set the initial position of the arm before start the
test (using the MPT code).

Signal Auto Offset


After setting the arm to the desired position, it is made the home position by clicking
the offset button to make it zero (which will be showing the difference between the
current position and the previous home position).

Figure A.2. MTS Machine Station Manger user interface showing main station
controls.
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MPT Procedure
The MPT (multi-purpose test) written for the compression test of the polyurethane foam
was a simple code to compress the foam and return back within the specific time (thus
maintaining a constant strain rate). The user interface that shows the procedure used for
compression test with an example of values set for testing is shown in Figure A.3.
After setting the parameters for the particular test based on the strain rate, the MPT
procedure is run and the data is stored in a specimen file. The file will be stored in the
specimen folder present in the desktop of the computer. The file is then renamed using a
nomenclature

–

‘foam_type

of

foam_date_test

duration’,

for

example:

‘foam_vd3_03_17_2012_2p53min’.

Figure A.3. User interface showing the MPT test proce dure and set test
parameters.
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Safety and Shutdown
Safety is very important during the test and an emergency stop should be always kept close
to the operator. Also, while measuring the distance between the plates (moving and
stationary aluminum plates) or while measuring the distance between the arm and the foam
sample, the manual command should be unchecked (inactive).
Once the compression test data is collected, the machine is turned off by clicking the OFF
button found against the ALL label (it can be seen in Figure A.1). All the emergency locks
are then engaged again. The computer is finally turned off.
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Appendix B: Code for Parameter Estimation Process Using the Uniaxial SingleCycle Compression Test Data

Presented in this section are the MATLAB codes that are used to estimate the non-linear
elastic and linear viscoelastic parameters from a single cycle uniaxial compression test of
polyurethane foam. All the files were mainly developed by Puri [6]. Minor modifications
were done to linearize the initial part of the input data.
File 1 : mycyclefitting_newdata.m
clear all;
% close all;
clc;
filename='10aug_A1_downsamp.mat';
load(filename);
% cd Real2U;
inp=input('Do you want to chop data: y/n = ','s');
for jj=1%1:1:1
clear A An xdata cycle3 x xf x0;
strt=A1_t_downsamp;
strx=A1_x_downsamp;
strf=A1_filt_downsamp;
figure(6*jj-5);
FoamLength=2.878;
FoamArea=3*3*2.54*2.54/(100*100);
%

A=[eval(strt) -eval(strx)/FoamLength -eval(strf)/FoamArea];
A=[strt -strx/FoamLength -strf/FoamArea];

%

A=[eval(strt) -eval(strx) -eval(strf)];
subplot(121);
plot(A(:,2),A(:,3));
grid on;
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xlabel('Strain \epsilon');ylabel('Stress \sigma Pascals');
subplot(122);
A(:,1)=A(:,1)-A(1,1);
plot(A(:,1),A(:,3));
grid on;
xlabel('Time t Secs');ylabel('Stress \sigma Pascals');
figure(6*jj-4);
plot(A(:,2),A(:,3));
if inp=='y'
disp('Choose Chop Point');
chop=ginput(1);
chop(1,2)
count=1;
for ii=1:1:length(A)
if A(ii,3)>chop(1,2)
An(count,1:3)=A(ii,1:3);
count=count+1;
end;
end;
An(:,3)=An(:,3)-chop(1,2);
An(:,2)=An(:,2)-An(1,2);
An(:,1)=An(:,1)-An(1,1);
figure(6*jj-3);
plot(An(:,2),An(:,3));
else
An=A;
figure(6*jj-3);
plot(An(:,2),An(:,3));
end;
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%% Cycle 3 fitting
T2=An(length(An),1);
[val,loc]=max(An(1:1:length(An),2));
T1=An(loc,1)
%% Generate the difference for the first cycle
len_cycle1=min(loc-1,length(An)-loc);
if (loc-1)>(length(An)-loc)
cycle3.startforce=An(1:loc-len_cycle1,3)';
cycle3.starttime=An(1:loc-len_cycle1,1)';
end;
cycle3.endpoint=An(length(An),:);
for ii=1:1:len_cycle1
cycle3.upperforce(ii)=An(loc-len_cycle1+ii,3);
cycle3.uppertime(ii)=An(loc-len_cycle1+ii,1);
cycle3.lowerforce(ii)=An(loc+len_cycle1-ii,3);
cycle3.lowertime(ii)=An(loc+len_cycle1-ii,1);
end;
cycle3.m1=(val-An(1,2))/T1;
cycle3.T1=T1;
cycle3.T2=T2;
%

figure(6*jj-2);

%

plot(cycle3.uppertime,cycle3.upperforce-cycle3.lowerforce);

%

hold on;plot(cycle3.starttime,cycle3.startforce-cycle3.endpoint(1,3));

%

grid on;
%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%Cycle

1%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
clear xdata;
gap=1;
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xdata.cycle3.startforce=cycle3.startforce(1:gap:length(cycle3.startforce));
xdata.cycle3.starttime=cycle3.starttime(1:gap:length(cycle3.starttime));
xdata.cycle3.upperforce=cycle3.upperforce(1:gap:length(cycle3.upperforce));
xdata.cycle3.uppertime=cycle3.uppertime(1:gap:length(cycle3.uppertime));
xdata.cycle3.lowerforce=cycle3.lowerforce(1:gap:length(cycle3.lowerforce));
xdata.cycle3.lowertime=cycle3.lowertime(1:gap:length(cycle3.lowertime));
xdata.cycle3.endpoint=cycle3.endpoint;
xdata.cycle3.m1=cycle3.m1;
xdata.cycle3.T1=cycle3.T1;
xdata.cycle3.T2=cycle3.T2;
ydata=[xdata.cycle3.startforce-xdata.cycle3.endpoint(1,3)

xdata.cycle3.upperforce-

xdata.cycle3.lowerforce];
rand('state',sum(100*clock));
options = optimset('LargeScale','on',...
'PrecondBandWidth',inf,'TolX',1e-12,'TolFun',1e-12,...
'Jacobian','off','MaxFunEvals',4e4,'MaxIter',3e3,'Display','iter');
ar=-550+1500*rand(1,4);
aa=1*rand(1,4);
x0=[ar(1) aa(1) ar(2) aa(2)];
x0=1e3*[3.08210277790053

0.00002905344100

-0.12019596946279

0.00000094715957];
x0=[32.62e3
%

0.419

-1000

0.1026];

x0=[7.884794118678970e+004

4.946399435178197e-001

2.905627934808407e+003

1.361145786785005e-002];%% Foam D3

% x0=[55.081

-20.905 0.00088058];

0.46371

x0(2)=x0(2)*75.600003/T1;
x0(4)=x0(4)*75.600003/T1;
lb=[-1e+005 0 -1e+005 0];
ub=[ 1e+005 1 1e+005 1];

-
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[x,resnorm,residual,exitflag] = lsqcurvefit(@myfunblue3,x0,xdata,ydata,lb,ub,options);
myfun;
figure(2001)
fid=fopen('ValuesX','a');
xf=[x 2*T1];
fprintf(fid,'%f %f %f %f %f\n',xf);
fclose(fid);
fid=fopen('Valueslsfit','a');
xf=[lsfit'];
fprintf(fid,'%f %f %f %f %f %f %f %f %f %f %f %f %f %f %f\n',xf);
fclose(fid);
end;
% close all
plotx;
End of File 1
File 2: myfunblue3.
This function is the same used by Puri [6] and is used to estimate the linear viscoelastic
parameters. This function is called from the main function mycyclefitting_newdata.
function F = myfunblue(x,xdata)
m=xdata.cycle3.m1;
T1=xdata.cycle3.T1;
T2=xdata.cycle3.T2;
clear t0 t1 t2;
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t0=xdata.cycle3.starttime;
t1=xdata.cycle3.uppertime;
t2=xdata.cycle3.lowertime;
terms=2;
clear f1 f2 f3;
%% Cycle3 data
for nn=1:1:terms
A=real(x(2*nn-1));
C=real(x(2*nn));
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%--------------Model 1---------------%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
t=t0;
f1(nn,:)= -m*(A)*(-1+exp(-t*(C)))/(C);
t=t1;
f2(nn,:)= -m*(A)*(-1+exp(-t*(C)))/(C);
t=t2;
f3(nn,:)=

(A)*m*(exp(-(C)*(t-T1))-exp(-t*(C)))/(C)+(A)*m*(-1+exp(-(C)*(t-

T1)))/(C);
end;
F1=zeros(1,length(t1));
Fv1=zeros(1,length(t1));
F2=zeros(1,length(t0));
for nn=1:1:terms
F1=F1+f2(nn,:)-f3(nn,:);
F2=F2+f1(nn,:);
Fv1=Fv1+f2(nn,:);
end;
%
if Fv1(length(Fv1))<0
F1=zeros(size(F1));
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end;
Fc1=[F2 F1];
F=[Fc1];
End of File 2.
File 3: myfun
This function is the same used by Puri [6] and is used to estimate the non-linear elastic
parameters. This function is called from the main function mycyclefitting_newdata.
m=cycle3.m1;
T1=cycle3.T1;
t0=cycle3.starttime;
t1=cycle3.uppertime;
t2=cycle3.lowertime;
terms=2;
clear f1 f2 f3;
%% Cycle1 data
for nn=1:1:terms
A=real(x(2*nn-1));
C=real(x(2*nn));
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%--------------Model 1--------------t=t0;
f1(nn,:)= -m*(A)*(-1+exp(-t*(C)))/(C);
t=t1;
f2(nn,:)= -m*(A)*(-1+exp(-t*(C)))/(C);
t=t2;
f3(nn,:)=
T1)))/(C);
end;

(A)*m*(exp(-(C)*(t-T1))-exp(-t*(C)))/(C)+(A)*m*(-1+exp(-(C)*(t-
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F1=zeros(1,length(t0));
F2=zeros(1,length(t1));
F3=zeros(1,length(t2));
F2d=zeros(1,length(t1));
for nn=1:1:terms
F1=F1+f1(nn,:);
F2=F2+f2(nn,:);
F3=F3+f3(nn,:);
F2d=F2d+f2(nn,:)-f3(nn,:);
end;
figure(6*jj-2);
plot(cycle3.uppertime,cycle3.upperforce-cycle3.lowerforce,'b',[t1],[F2d],'r-.');
xlabel('Time, secs');ylabel('Stress Difference \sigma_{diff} (Pascals)');
cd ..;
R2value_vis=R2val(cycle3.upperforce-cycle3.lowerforce,F2d,4)
cd Real2;
hold on;
legend('Experimental \sigma_{diff}','Analytical \sigma_{diff}');
grid on;
figure(6*jj-1);hold on;
subplot(121);
plot([t0 t1 t2],[F1 F2 F3],'r.');hold on;
grid on;
xlabel('Time t Secs');ylabel('Viscoelastic Stress \sigma_{V} Pascals');
fx=An(1,2)+[cycle3.starttime*cycle3.m1

cycle3.uppertime*cycle3.m1

(cycle3.lowertime-cycle3.T1*2)*cycle3.m1,2)]';
cycle3.upperforce-F2 rot90(cycle3.lowerforce-F3,2)]';
clear powerm;
powerm=ones(length(fx),10);

rot90(-

Fxs=[cycle3.startforce-F1
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for i=1:1:10
powerm(:,i)=(i-1)*powerm(:,i);
end
clear Amatrix;
Amatrix=(fx*ones(1,10)).^powerm;
lsfit=Amatrix\Fxs;
%%%%%%%%%%%%%
ElasticF=Amatrix*lsfit;
cd ..;
R2value_ela=R2val(Fxs,ElasticF,10)
cd Real2;
figure(6*jj-1);
subplot(122);hold on;
plot(fx,ElasticF,'r-',fx,Fxs,'g-.');hold on;grid on;
xlabel('Strain \epsilon');ylabel('Elastic Stress \sigma_{E} Pascals');
figure(20);hold on;
plot(fx,ElasticF,'r-',fx,Fxs,'g-.');hold on;grid on;
xlabel('Strain \epsilon');ylabel('Elastic Stress \sigma_{E} Pascals');
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%%%generating
%%%%%%%%%%%%%%%%%%%%%%%
efpoly=[rot90(lsfit,2)'];
Fxs=polyval(efpoly,fx);
fxs=Fxs+[F1 F2 rot90(F3,2)]';
figure(6*jj);
subplot(121)
hold on;

the

response

144

plot(An(:,2),An(:,3),'LineWidth',4);grid on;
plot(fx,fxs,'g-.','LineWidth',2);
xlabel('Strain \epsilon');ylabel('Stress \sigma Pascals');
subplot(122)
hold on;
plot(An(:,1),An(:,3),'LineWidth',4);grid on;
plot([t0 t1 rot90(t2,2)],fxs,'g-.','LineWidth',2);
xlabel('Time t Secs');ylabel('Stress \sigma Pascals');
figure(1000);
hold on;
plot(fx,fxs,'g-.','LineWidth',2);
plot(An(:,2),An(:,3));grid on;
figure(3000);
plot(fx,fxs,'b','LineWidth',3);hold on;
plot(fx,Fxs,'m--','LineWidth',1);hold on;
plot(fx,[F1 F2 rot90(F3,2)]','c','LineWidth',3);
fxi=[cycle3.startforce cycle3.upperforce rot90(cycle3.lowerforce,2)]';
%%%Computing the R2 value %%%
numpar=14;
cd ..;
R2value=R2val(fxs,fxi,numpar)
cd Real2;

End of File 3.
File 4: R2 Value
This function is the same used by Puri [6] and is used to calculate the adjusted R2. This
function is called three times from the routine “myfun”.
function R2value=R2val(fxs,fxi,numpar)
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numer_r2=sum((fxs-fxi).^2);
fximean=mean(fxi);
denom_r2=sum((fxi-fximean).^2);
R2value1=1-numer_r2/denom_r2;
R2value=1-(length(fxi)-1)*(1-R2value1)/(length(fxi)-(numpar+1));
End of File 4 and End of Program.

146

Appendix C: Code for Fitting the Free Response to Prony Series and also Identify
the Major Contributing Terms Using the Energy Contribution of Each Term

Presented in this section are the MATLAB files that are used to fit the experimental
response to a Prony series of any specified order. The code also sorts the poles in the
decreasing order of the energy it contributes in modeling the experimental data.
File 1: code_contribution_terms
clear all
clc
cd('D:\Vaidy_Final_Herrick\Vaidy\Various_Impulse_Tests
Done\FINAL_TEST\Prony_Series\PRONY_FINAL') %data file stored in this directory
% load Filt_Hard_Tip_0.lvm;
% d = Filt_Hard_Tip_0;
load HT_2.lvm;
d = HT_2;
sp = 1; %settling point
Dis = d(:,2); t =d(:,1);
val = max(size(Dis));
%%FFT POWER CODE PART%%
N = 180;
Fs = 2048;
nfft= 2^(nextpow2(length(Dis)));
NUP = ceil((nfft+1)/2);
f = (0:NUP-1)*Fs/nfft;
resp = Dis(end:-1:1);
L = length(Dis);
y = Dis;
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[Num,Den] = prony(y,N-1,N);
[rr2,p,ko] = residue(Num,Den);
Estimated_amp2=rr2;
Estimated_poles2=-log(p)*Fs;
C3(:,1)=Estimated_amp2;
r2=-Estimated_poles2;
poles3(:,1)=r2;
clear p c
p = r2;
c = rr2;
L = length(Dis);
response_m2(1:L) = zeros(1,L);
response_m2 = response_m2';
termtemp(1:L) = zeros(1,L);
for kk = 1:N
termtemp = c(kk)*exp(p(kk)*t);
response_m2 = response_m2 + termtemp;
termresp(kk,:) = termtemp;
clear termtemp;
end
figure;
plot(t,Dis,'linewidth',2);
hold on; plot(t,real(response_m2),'--r','linewidth',2);xlabel('Time (s)'); ylabel('Acceleration
(m/s^2)');legend('Response', 'Fitted using Prony Series');
hold on;
str=sprintf('Order and Settling point = %d and %d',N,sp); grid on;
title(str);
val2 = max(size(p));
for ij=1:val2
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if (imag(p(ij))==0);
wn(ij) = 0;
else
wn(ij) = sqrt(real(p(ij)).^2+imag(p(ij)).^2);
end
end
clear ij;
for ij = 1:val2
if (imag(p(ij))==0);
zeta(ij) = real(p(ij));
else
zeta(ij) = abs(real(p(ij)))./wn(ij);
end
end
cj = c;
pj = p;
temp = resp';
power_tot = sum((real(temp(1,:))).^2)/2048;
clear ii jj
for ii = 1:2:N-1
for jj = 2:2:N
power(ii,1) = sum((real(termresp(ii,:))).^2)/2048;
power(jj,1) = sum((real(termresp(jj,:))).^2)/2048;
end
end

%% CHECKING TERM INVOLVED%%
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clear count ii
compare = power>power_tot*0.00025;
count = 1;
for ii = 1:N
% if (compare(ii)==1 && zeta(ii)~=1)
if (compare(ii)==1)
term_cont(count) = ii;
count = count+1;
end
end
clear count;
temp = max(size(term_cont))
for i = 1:temp
term_cont1(i,:) = termresp(term_cont(i),:);
end
clear jj
%% Frequencies involved%%
for jj = 2:temp
if(imag(p(term_cont(jj)))~=0&& real(p(jj))==real(p(jj-1)))
fftx = fft(term_cont1(jj,:)+term_cont1(jj-1,:),nfft);
fftx = fftx(1:NUP);
mx = abs(fftx)/length(term_cont1(jj,:));
px = angle(fftx);
[pp,qq] = max(mx);
mx = mx.^2;
mx(2:end -1) = mx(2:end -1)*2;
[mm,nn]=max(mx);
frequencies(jj) = f(nn);
powcal(jj) = mm;
amplitude(jj) = pp;
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phase(jj) = px(nn)*180/pi;
%

figure; plot(f,mx);
end

end
fftx = fft(term_cont1(1,:),nfft);
fftx = fftx(1:NUP);
mx = abs(fftx)/length(term_cont1(1,:));
px = angle(fftx);
[pp,qq] = max(mx);
mx = mx.^2;
mx(2:end -1) = mx(2:end -1)*2;
[mm,nn]=max(mx);
powcal(1) = mm;
amplitude(1) = pp;
phase(1) = px(nn)*180/pi;
for jj = 1:temp
damping(jj) = zeta(term_cont(jj));
end
resp_cont = sum(term_cont1);
resp_pow = sum(resp_cont.^2)/2048;
figure;
plot(t,Dis,'linewidth',2);
hold on; plot (t,resp_cont,'--r','linewidth',2);
xlabel('Time (s)'); ylabel('Acceleration (m/s^2)');
legend('Response', 'Response of Major Contribution');
hold on;
str=sprintf('Order and Settling point = %d and %d',N,sp); grid on;
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title(str);
clc
%%% Printing in the Required Format%%%
line1 = sprintf('%-s\t\t\t\t%-s\t\t%-10s\t\t\t%-s\t\t\t \n','Term','Freq','Poles','Power');
% line2 = sprintf('\n %-1.2g\t\t\t%-1.2g\t\t\t%-10s\t\t\t%-5.5g\t\t\t',0,0,'2.5',2.5,0);
% line1 = strcat(line1,line2);
% sprintf('\n');
for jj = 1:temp
Term = term_cont(jj);
Freq = wn(term_cont(jj))/(2*pi);
Poles1 = p(term_cont(jj));
Poles = num2str(Poles1);
Power = power(term_cont(jj));
line2 = sprintf('\n %-3.3g\t\t\t\t%-1.2g\t\t%-10s\t\t%-5.5g\t\t\t',Term,Freq,Poles,Power);
line1 = strcat(line1,line2);
%

sprintf('\n')

end
sprintf('%s',line1)
diary D:\Values_from_Program\Parameters_Prony_Expt.txt
display(line1);
diary off;
[frequencies' powcal' amplitude' phase']

End of Program
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Appendix D: Code for Plotting Impulse Data

The below code has the calibration value and will plot the impulse response from the data
file obtained from the experiment.
Start of Program
clc
clear all
load Filt_resp_1.lvm;
d = Filt_resp_1;
F=d(:,6); % sixth column is the input force
[m,n] = max(F);
start = n+25;
t=d(:,1); % first column is the time
acc(:,1)=d(:,2)- mean(d(:,2));
acc(:,2)=d(:,3)- mean(d(:,3));
acc(:,3)=d(:,4)- mean(d(:,4));
acc(:,4)=d(:,5)- mean(d(:,5));
t1 = t(start:end);
acc1 = acc((start:end),:);
MC=mean(acc1')*9.81/0.199; %0.199 calibration value of the sensor
MC = MC';
count = max(size(MC));
t1 = t(1:count);
figure;
hold on;grid on;
h=gca;
set(h,'Fontsize',18)
plot(t1,MC,'r');
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xlabel('Time (s)'); ylabel('Acceleration m/s^2');
title('Impulse Response - Average of all four sensors');
figure;
plot(t1,acc1(:,1).*9.81/0.199,'y',t1,acc1(:,2)*9.81/0.199,'r',t1,acc1(:,3)*9.81/0.199,'g',t1,ac
c1(:,4)*9.81/0.199,'b',t1,MC,'k'),
xlabel('Time (s)'),ylabel('Amplitude (m/s^{2})');
legend('Accl 1','Accl 2', 'Accl 3', 'Accl 4', 'Average')
figure;
plot(t,acc(:,1),'y',t,acc(:,2),'r',t,acc(:,3),'g',t,acc(:,4),'b',t,F,'m'),
xlabel('Time (s)'),ylabel('Volts');
legend('Accl 1','Accl 2', 'Accl 3', 'Accl 4','Force')
End of Program.
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Appendix E: Code to Plot the Pole Cluster

This code was used to plot the pole cluster of high order Prony series, to identify the
converging poles.
Start of Program
clc
for q=1:1
figure1 = figure('Color',[1 1 1]);
axes1 = axes('Parent',figure1,'FontWeight','bold','FontSize',12);
box(axes1,'on'); grid(axes1,'on'); hold(axes1,'all');
Ts=t(10)-t(9);
hold on
COL=(length(P)-1:-1:0)/(length(P)-1);
for i=1:1:length(P)
l(i)=COL(i);
hold on;
stem(real(exp(poles3(1:PP(i),i,q)*Ts)),imag(exp(poles3(1:PP(i),i,q)*Ts)),'color',[0 0
l(i)],'MarkerSize',14,'Marker','o','LineWidth',2,'LineStyle','none'),
end
xlabel('real(e^{P_{j}\Delta})','FontSize',14,'FontName','Times New Roman');
ylabel('imag(e^{P_{j}\Delta})','FontSize',14,'FontName','Times New Roman');
hold on
plot(cos(0:0.01:2*pi),sin(0:0.01:2*pi),'g','LineWidth',3)
xlim([-1.1,1.1]); ylim([-1.1,1.1])
end
End of Program.
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Appendix F: MTS Hydraulic Shaker Operation Guide

The MTS Shaker will be used to apply different base inputs to a foam-mass fixture. Before
the system can be used to apply these inputs, the following procedure must be followed:
Preliminary Checks
At the Shaker (Front Room)


Put on safety glasses.



Check that fire extinguishers are in place. (There is one just inside the engine room
– B C type, one just inside the back room A B C type, and one inside the far door
of the engine room A B C type.)



Make sure area around the shaker is clear of any unnecessary objects (chairs, etc.)



Be sure that the fixture/seat is properly secured.



Check to see that both the emergency stops are reset. (There is one on the main
control box in the back room and one near the front room controller.)



Check cables and hoses to ensure they are securely connected and free from wear.
(There are 2 large hoses- High Pressure Intake and exhaust, 3 small hoses, and 2
cable connections at the shaker.)



Also, follow the hoses to the back room all the way to the pump to see for any
leakage, in case of any leakage found, CONTACT SHOP.



Check to see that the air line (the one with blue handle) is closed.



Check to see that the release valve (red knob) is open. (up=>close, down=>release).



Open the air line, and close the release valve. This line will supply air to the airbags.



Check to see that the airbags have inflated. (Ideal pressure is around 20 psi.
Depending on the mass on the shaker, this might need to be changed so that we
don’t get into the systems natural frequency)



Make sure that the hydraulic lines are open. (There should be three: high pressure
intake, high pressure return, and low pressure return (leakage).
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In the back room:


Make sure that the hydraulic shaker Main Power switch is on (knife switch high on
panel located in the back room). If it is off, contact shop.



Make sure that the main hydraulic lines from the pump are open.



Make sure the water supply (green valve) is on.



Check that the controller cable is connected to the bottom left portion of the control
box.



Ensure that the padlock is on the control box.



Log start time.

Start Up


Double check that the area around the shaker is clear of cables and unnecessary
objects.



Place the emergency stop box next to the operator.



Notify people in the area that testing is about to begin.



Chain off test area.



Post Warning Sign.



Turn on MTS controller.



Allow the self-test to run. If any errors appear, shut the system down and contact
the shop.



Disable

the Underpeak, Error, U.Lim and L.Lim interlocks by pressing the

Disable/Enable button if it is already enabled

157

Figure F.1. Limit Switches.



Press Enter button and then Reset button under Interlocks on the console to clear
the interlocks (shown in Figure F.1), except the L.Lim and Error interlock which
will be cleared later (shown in Figure F.2).



Interlocks that are not cleared – Red light ON:

Figure F.2. Error Limits.
Interlocks that will be cleared – Red light OFF:

Figure F.3. Interlocks Indicator.
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Switch the hydraulic pressure selector to LOW. Allow system to warm up for 15
minutes.



Visually check valves, etc. on shaker and in back room to make sure there are no
leaks.



After the warm-up time:
o Ensure that the oil temperature is between 90-100°F. (Thermometer is in
the back room below the control box).
o Switch the hydraulic pressure to HIGH.



Adjustments to be made:



Set Full-Scale Transducer Values.
This tells the system the maximum displacements allowed by the transducer (as per
the cartridge inserted)
o Select Transducer Full Scale using the Display Select switch on the
console.
o Press the Display button on the controller panel.
o Enter 2. (The transducer installed is +/- 2 inches.)
o Press enter.



On the controller panel, check to see that the ΔP control is set to 0, the rate (D) is
set to 0, and the gain (P) set to 1.



Zeroing the transducer.
This ensures that the readouts from the controller are accurate.
o Select Transducer Output using the Display Select switch on the console.
Be sure that the Engr. Scale indicator is lit. (If not, press Scale Select to
adjust.)
o Adjust the zero control (adjusting the potentiometers via the screws) on the
controller panel until the display reads -2.00 inches.
o If Percent Full Scale is chosen, set the zero control to -100%.
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Setting error detector level.
If the error from the controller exceeds this amount, the system will shutdown.
o Select Error Detect using the Display Select switch on the console. Be
sure that the Engr. Scale indicator is lit. (If not, press Scale Select to
adjust.)
o Set the Error control (via the screw if needed) on the controller panel to
.50.
o If Percent Full Scale is chosen, set the zero control to 25%.



Setting the limit detector levels
(If the displacement of the shaker table exceeds these limits, the system will shut
down. That is, these are the limits the transducer output should not exceed during
the test)
o Select Upper Limit Detect using Display Select switch on the console. Be
sure that the Egr. Scale indicator is lit. (If not, press Scale Select to adjust.)
o Adjust U Lim control to 1.8 (90% for Percent Full Scale). This will ensure
the shaker does not hit the top limit during operation.
o Adjust the L Lim to -1.8. (-90% for Percent Full Scale). This will ensure
the shaker does not bottom out during operation.



Setting the underpeak detector levels.
(If the displacement of the shaker table is under this level, the system will shut
down. That is to see if the peaks are met exactly or. It is not desired for the shaker
to do somewhat less or more than what we just command it to do.)
o Select Underpeak Max using the Display Select switch on the console.
o Adjust the Underpeak Max control to 97% of maximum.
o Adjust the Underpeak Min control to -98% of maximum.



Check the system pressure (using mirror) to make sure it is at 2000psi (+/- 5%).



Adjust the set point knob to 5. (This puts the initial height of the shaker table in
the middle of the range of the shaker.)



PRESS RESET FOR L.LIM and ERROR TO GO AWAY!!
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Enable the Error, Upper Limit, Lower Limit and Underpeak detectors by pressing
Disable/Enable switch to light the Enab indicator.



Ensure that the Span is set to 0.



Select the desired waveform (Sine/Square/Triangular) on the function generator or
hook up the external signal generator.



Select desired frequency range (ex. 1-11).



Use the frequency adjust knob to select desired frequency (>2Hz).



Then press the green Run button (under Program/Record).



Slowly increase the Span until desired value is reached. If using external function
generator set the Span to 10 – this gives full range of the span.



TURN THE SPAN DOWN TO ZERO BEFORE THE NEXT STEP!



To end the program, press the red Stop button.

Shut Down


Lower the shaker to its lowest position (Set point back to zero).



Change the hydraulic pressure from high to low on the MTS controller.



Allow 2-3 minutes for cool down.



Disable – Underpeak, Error, U.Lim and L.Lim interlocks by pressing the
Disable/Enable button.



Turn hydraulic pressure off.



Shut down the MTS controller.



Put all the three emergency stop in OFF position.



Turn main air supply (blue handle) off.



Release the air from the airbags by opening the release valve (little red knob).



Log finishing time.



Take down warning sign.
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Emergency Shutdown


Press red emergency stop button.



Depending on the nature of the situation:



Contact the shop.



Call the campus police non-emergency line (494-8221).



Call 911. (Phone is located on the computer tables.)



If possible, complete normal shutdown procedure.

Extra Precautions


If working after hours:



Keep the Emergency Phone with you.



Ask someone to check on you periodically.



Stay with the system at all times.



NEVER rush through the Startup or Shutdown procedure.

Possible Emergencies


Saving yourself is the first priority. The equipment comes second.



If a seal brakes and oil starts spilling:



Push the Emergency Stop button.



Get everyone clear of the area.



If the situation is critical, call 911.



If the situation is clear, use sand or kitty litter to soak up the oil.



Post a warning sign and contact the shop.



If you hear Strange Noises:



Shut down the system.



Try to diagnose the problem.



Contact the shop.

For further details on running the system refer to the System Software manual.
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Appendix G: MTS Hydraulic Shaker Procedure Checklist

MTS SHAKER – PROCEDURE CHECKLIST
Date
Operator Initials
PRELIMINARY CHECKS
At the Shaker:
Safety glasses on eyes
Fire extinguishers in place
Area around shaker free of unnecessary objects
Fixture properly secured
Emergency stops should be released
Cables and hoses securely connected at the shaker
Airline at the shaker (blue handle) is opened
The release valve(red knob) at the back is closed (this inflates the
airbag)
Check the air pressure and set it to 20 psi
Hydraulic lines(3) at the shaker are open
In the Back Room:
Hydraulic shaker Main power switch is ON
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Main hydraulic lines from the pump are open
Water supply(green) and air supply(blue) valves open
Controller cable connected to the bottom of control box
Hydraulic oil level log and gauge has been checked
Padlock is on the control box
Start time logged in
START UP
People in area are notified that testing is about to begin
Warning sign posted
Area is clear of unnecessary cables and objects
Test area chained off
Emergency stop box placed next to the operator

MTS controller turned on and self test ran without error
Disable – Underpeak, Error, U.Lim and L.Lim interlocks by
pressing the Disable/Enable button if it is already enabled
Press ENTER, and press RESET under the Interlocks
Hydraulic pressure is switched to LOW
System warmed up and Oil temperature is 90-100 degree F
No leakage from any valve at the shaker or in the backroom
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Hydraulic pressure is switched to HIGH

Set Gain(P) to 1, Rate (D) to 0 and ΔP to 0
Transducer Full scale adjustment (Set to 2 and press enter)
Zero the transducer (Transducer output should read -2inch)
Set point knob is set to 5 (middle of full range of the shaker)
Press RESET for Lower Limit and Error lights to go away
Error, Limit and Under peak interlocks are enabled
Check the SPAN knob is at ZERO
Hydraulic pressure is checked to be at 2000psi (+/- 5%)
Using Internal Frequency generator:
Select Signal type
Select frequency range
Adjust to desired frequency value

Press green RUN button
SLOWLY increase span from zero to a desired level
SHUTDOWN
Span is slowly turned down to zero
STOP button is pressed to end the Program
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Set point is slowly set back to zero to lower the shaker to its lowest
point
Hydraulic pressure HIGH to LOW, allow 2-3 min to cool off
Disable – Underpeak, Error, U.Lim and L.Lim interlocks by
pressing the Disable/Enable button.
Hydraulic Pressure is turned OFF
MTS Controller is turned OFF
Put all the three Emergency stop in OFF position

Air supply (blue handle) is turned off
Air from the airbags released by opening the red knob
Finishing time logged near the pump
Warning sign taken down
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Appendix H: Procedure to Read Data from Disk

Polyurethane Foam
Compression Test:
1. In the disk, please go to the folder named Compression_Test.
2. In the Compression test folder, there is a folder name: 01_Final_Edited_Data. This
folder contains the edited experimental results that can be plotted.
3. The folder also contains data from each test with the folders named as: Data DATE.
Where date is the date on which the test was done. Each of this folder contains four folders.
Two folders: Names as dry run are tests done without foam to collect the
background noise of the test.
Two folders: Contain the experimental data of Foam Type A and Foam Type D.
The file named “SPECIMEN” is the file that contains the data. The file also contains all
the details about the date of the test, person who did the test and the column names.

Impulse Test:
1. In the disk, please go to the folder named Impulse_Test under Polyurethane Foam.
2. In the Impulse test folder, there is a folder name: 01_Final_Edited_Data. This folder
contains the edited experimental results per the protocol discussed that can be plotted using
the Matlab code available in Appendix.
3. The folder also contains data from each test with the folders named as: MASSKg. Where
the mass is the riding mass used in the experiment. Each folder contains a number of results
obtained at various cut-off frequencies set for the analog anti-aliasing filter. Each folder
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has a guide that explains the cut-off frequency used and corresponds it to the file name.
There are also repeats of test at different riding masses.
Base Excitation Test:
1. In the disk, please go to the folder named Shaker_Test under Polyurethane Foam.
2. In the shaker test folder, there is a folder name: 01_Final_FRF. This folder contains the
edited experimental plots per the protocol discussed.
3. The folder also contains data from each test with the folders named as: MASSKg. Where
the mass is the riding mass used in the experiment. There are four folders named, 0.1g,
0.15g, 0.2g and 0.25g containing the response files for each of the input amplitudes tested.
Each folder contains a number of results obtained at various input frequencies. An excel
file named info.xls gives details indicating what each file names corresponds to the input
frequency.
CONFORTM Foam
Impulse Test:
1. In the disk, please go to the folder named Impulse_Test under Confor Foam folder.
2. The folder contains four folder corresponding to experiments done on Blue, Green,
Yellow and Pink CONFORTM foams.
3. Each of the folders contain data from each test with the folders named as: MASSKg.
Where the mass is the riding mass used in the experiment. Each folder contains a number
of results obtained at various cut-off frequencies set for the analog anti-aliasing filter. Each
folder has a guide that explains the cut-off frequency used and corresponds it to the file
name. There are also repeats of test at different riding masses.
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Base Excitation Test:
1. In the disk, please go to the folder named Shaker_Test under Confor Foam.
2. In the shaker test folder, there are two folders with results from hydraulic shaker and
TIRA shaker. Results from hydraulic shaker were just trials run on Blue and Yellow
CONFORTM foams.
3. Results from the TIRA shaker contains response from all the four CONFORTM foams
with various input amplitudes. The mat file named: Conform_Foam_Tira_Shaker_Results
contains all the results. The mat file also has a config file which gives information about
the sampling rate, duration of test. The matlab code to read the data is also available in the
folder.
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Appendix I: Plots of Collected Test Data

Polyurethane Foam
Plots of compression tests and hydraulic tests were included in Chapter 3 and Chapter 5
respectively. The dataset are available in the disk submitted.
Impulse Test Data:
Processed impulse test plots at all the seven settling points are given below.

Figure I.1. Experimental free response of foam-mass system, loaded with a 1.428 Kg mass.
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Figure I.2. Experimental free response of foam-mass system, loaded with a 1.728 Kg mass.

Figure I.3. Experimental free response of foam-mass system, loaded with a 1.942 Kg mass.
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Figure I.4. Experimental free response of foam-mass system, loaded with a 2.041 Kg mass.

Figure I.5. Experimental free response of foam-mass system, loaded with a 2.098 Kg mass.
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Figure I.6. Experimental free response of foam-mass system, loaded with a 2.293 Kg mass.

Figure I.7. Experimental free response of foam-mass system, loaded with a 3.342 Kg mass.
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CONFORTM Foam
Impulse Test Data:
Impulse tests were conducted on four different types of foams : Blue, Green, Yellow and
Pink. Some of the sample results are given below.

Figure I.8. Experimental free response of Blue CONFORTM foam-mass system, loaded
with a 3.342 Kg mass.
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Figure I.9. Experimental free response of Green CONFORTM foam-mass system, loaded
with a 3.342 Kg mass.

Figure I.10. Experimental free response of Pink CONFORTM foam-mass system, loaded
with a 3.342 Kg mass.
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Figure I.11. Experimental free response of Yellow CONFORTM foam-mass system, loaded
with a 3.342 Kg mass.

